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TORSION POINTS ON CM ELLIPTIC CURVES OVER REAL
NUMBER FIELDS
ABBEY BOURDON, PETE L. CLARK, AND JAMES STANKEWICZ
Abstract. We study torsion subgroups of elliptic curves with complex mul-
tiplication (CM) defined over number fields which admit a real embedding.
We give a complete classification of the groups which arise up to isomorphism
as the torsion subgroup of a CM elliptic curve defined over a number field of
odd degree: there are infinitely many. However, if we fix an odd integer d and
consider number fields of degree dp as p ranges over all prime numbers, all but
finitely many torsion subgroups that appear for CM elliptic curves actually
occur in a degree dividing d. This implies an absolute bound on the size of
torsion subgroups of CM elliptic curves defined over number fields of degree dp.
In the case where d = 1, there are six “Olson groups” which arise as torsion
subgroups of CM elliptic curves over Q, and there are precisely 17 “non-Olson”
CM elliptic curves defined over a number field of (variable) prime degree.
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We denote by P the set of all prime numbers. For n ∈ Z+ let ζn = e 2πin ∈ C, and put
Q(ζn)
+ = Q(ζn+ ζ
−1
n ). For a field F , let F be an algebraic closure, let F
sep be the
maximal separable subextension of F/F , and let gF = Aut(F
sep/F ) = Aut(F/F )
be the absolute Galois group of F . A real number field is a number field which
admits an embedding into R. Thus every odd degree number field is real. If E is
an elliptic curve with complex multiplication by an order O of discriminant ∆ in
an imaginary quadratic field K, then F∆ = Q(j(E)), K∆ = K(j(E)), and h(∆) =
#Pic(O) = [K∆ : K]. For an imaginary quadratic field K, let w(K) = #O×K .
1. Introduction
1.1. Motivation.
This paper continues an exploration of torsion points on elliptic curves with com-
plex multiplication (CM) initiated by the last two authors in collaboration with B.
Cook, P. Corn and A. Rice [CCRS13], [CCRS14].
The subject of torsion points on CM elliptic curves begins with the following result.
Theorem 1.1. (Olson [Ol74]) Let E/Q be a CM elliptic curve. Then E(Q)[tors] is
isomorphic to one of: the trivial group {•}, Z/2Z, Z/3Z, Z/4Z, Z/6Z or Z/2Z ×
Z/2Z. Conversely, each such group occurs for at least one CM elliptic curve E/Q.
We say a finite commutative group G is an Olson group if it is isomorphic to one
of the six groups given in the conclusion of Theorem 1.1. A CM elliptic curve E/F
is Olson if E(F )[tors] is an Olson group.
It follows from Theorem 2.1a) below that for every Olson group G and every d ≥ 2,
there are infinitely many degree d number fields F for which there is a CM elliptic
curve E/F with E(F )[tors] ∼= G. Similarly, whenever d1 | d2, the list of torsion
subgroups of CM elliptic curves in degree d2 will contain the corresponding list in
degree d1. It is more penetrating to ask which new groups arise in degree d: for
d ∈ Z+, let TCM(d) be the set of isomorphism classes of torsion subgroups of CM
elliptic curves defined over number fields of degree d, and for d ≥ 2 we put
T newCM (d) = TCM(d) \
⋃
d′|d, d′ 6=d
TCM(d′).
From [CCRS14, §4] we compile the following table.
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d 2 3 4 5 6 7 8 9 10 11 12 13
#T newCM (d) 5 2 9 1 7 0 14 3 4 0 13 0
table 1
Remark 1.2. a) The size of T newCM (d) is strongly influenced by the 2-adic valuation
v2(d): for all 2 ≤ d1, d2 ≤ 13, v2(d1) < v2(d2) =⇒ #T newCM (d1) < #T newCM (d2).
b) There is very little new torsion when d is odd.
c) When we restrict to prime values of d, the sequence of values is 5, 2, 1, 0, 0, 0.
Remark 1.2c) was made to us by M. Schu¨tt. He also asked the following question.
Question 1.3. (Schu¨tt) Is #T newCM (p) = 0 for all sufficiently large primes p?
1.2. The Main Results of the Paper.
Schu¨tt’s question is equivalent to asking whether there is an absolute bound on
the size of the torsion subgroup of all CM elliptic curves defined over all number
fields of prime degree. The first main result of this paper is an affirmative answer.
For b, c ∈ F we define the Kubert-Tate curve
E(b, c) : y2 + (1− c)xy − by = x3 − bx2.
For λ ∈ F we define the Hesse curve
Eλ : X
3 + Y 3 + Z3 + λXY Z = 0.
Theorem 1.4. (Prime Degree Theorem) Let F be a prime degree number field, and
let E/F be a non-Olson elliptic curve with CM by a quadratic order of discriminant
∆. Then F is isomorphic to one of the fields listed below, and over that field E is
isomorphic to exactly one listed curve.
Number Field F Elliptic Curve ∆ E(F )[tors]
Q(
√−3) E0 −3 Z/3Z ⊕ Z/3Z
Q(i) E(− 1
8
, 0) −4 Z/2Z ⊕ Z/4Z
Q(
√
2) E(1 + 3
4
√
2, 0) −4 Z/2Z ⊕ Z/4Z
Q(
√
2) E(− 1
32
, 0) −16 Z/2Z ⊕ Z/4Z
Q(
√
2) E( 1+
√
2
8
, 0) −8 Z/2Z ⊕ Z/4Z
Q(
√−7) E(−31+3
√
−7
512
, 0) −7 Z/2Z ⊕ Z/4Z
Q(
√−7) E(−1+3
√
−7
32
, 0) −7 Z/2Z ⊕ Z/4Z
Q(
√−3) E(− 2
9
,− 1
3
) −3 Z/2Z ⊕ Z/6Z
Q(
√
3) E( 1−
√
3
9
, −2+
√
3
3
) −12 Z/2Z ⊕ Z/6Z
Q(
√
3) E( 4
9
, 1
3
) −12 Z/2Z ⊕ Z/6Z
Q(
√−3) E(−1+
√
−3
2
,−1) −3 Z/7Z
Q(i) E(i, i) −4 Z/10Z
Q[b]
(b3 − 15b2 − 9b− 1) E(
1
4
b2 + 5
2
b+ 1
4
, b) −3 Z/9Z
Q[b]
(b3 + 105b2 − 33b− 1) E(−
17
76
b2 + 25
19
b+ 1
76
, b) −27 Z/9Z
Q[b]
(b3 − 4b2 + 3b+ 1) E(−2b
2 + 4b+ 1, b) −7 Z/14Z
Q[b]
(b3 − 186b2 + 3b + 1) E(
2
27
b2 + 10
27
b− 1
27
, b) −28 Z/14Z
Q[b]
(b5 − 9b4 + 6b3 + 42b2 − 7b− 1) E(−
1
16
b4 + 1
4
b3 + 5
8
b2 + 1
4
b− 1
16
, b) −11 Z/11Z
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Although the Prime Degree Theorem was our initial goal, it has become more of a
gadfly, as we will now explain. The literature of the field contains several results of
the form “If an O-CM elliptic curve over a number field F has an F -rational point
of order N , then [F : Q] is bounded below by some function of N .” The prototype
was given by Silverberg and later by Prasad-Yogananda [Si88] and [PY01]. These
SPY-bounds were refined by Clark-Cook-Stankewicz [CCRS13, Theorem 3]. The
proof of the Prime Degree Theorem requires further refinements, to which we found
our way by observing a real cyclotomy phenomenon in the tables of [CCRS14]:
for every CM elliptic curve E/F in the tables containing an F -rational point of
order N ≥ 3, F contains either the CM field K or Q(ζN )+. In particular, if F has
odd degree then F ⊃ Q(ζN )+ and thus ϕ(N)2 | [F : Q].
We present here two versions of real cyclotomy. Real Cyclotomy I deals with
an O(∆)-CM elliptic curve over a number field F not containing Q(√∆) under the
additional hypothesis that gcd(N,∆) = 1. The conclusion is (Z/NZ)2 →֒ E(FK).
It follows that ζN ∈ FK, so ϕ(N) | 2[F : Q]. When F is real (and in some other
cases), ζN ∈ FK implies Q(ζN )+ ⊂ F , confirming real cyclotomy in this case. In
Real Cyclotomy II we assume moreover that F is real and drop the condition
gcd(N,∆) = 1. The conclusion is that ζN ∈ FK, hence Q(ζN )+ ⊂ F .
After this paper was submitted we learned of important work of N. Aoki [Ao95],
[Ao06] showing that if E/F is a K-CM elliptic curve defined over a number field
F 6⊃ K and E(FK) has a point of order N , then ζN ∈ FK. Thus Aoki’s Theo-
rem implies Real Cyclotomy II (though not Real Cyclotomy I) and confirms the
observed real cyclotomy phenomenon. Aoki’s work in fact applies to a large class
of CM abelian varieties A defined over a number field F – e.g. when A is geomet-
rically simple and F is real [Ao06, Thm. 6.2]. His proof uses class field theory and
Shimura-Taniyama’s adelic main theorem of complex multiplication.
In contrast, the main ingredients of our proof of Real Cyclotomy II are the
ideal theory of imaginary quadratic orders (essentially due to Gauss), especially
the complete determination of PicO(∆)[2] given by classical genus theory, and
the relation between genus theory and the uniformization of CM elliptic curves by
real lattices Λ = Λ ⊂ C. Thus our proof of Real Cyclotomy II is quite different
from Aoki’s proof of his theorem, and it proceeds by establishing some pleasant re-
sults which have a very classical feel but which in many cases we have nevertheless
not been able to find in the literature. For these reasons we have chosen to include
our proof. In fact, the idea to exploit classical genus theory leads to an improve-
ment of Aoki’s bound by a factor of #PicO(∆)#(PicO(∆)[2]) , which we have incorporated into
our statement of Real Cyclotomy II: see (3). This extra factor simplifies the proof
of the Prime Degree Theorem and is used elsewhere in the paper.
The hypothesis that E/F is an elliptic curve defined over a number field not contain-
ing the CM field is most naturally achieved by requiring that the degree [F : Q] is
odd. This forces F to be real. When [F : Q] is odd, Aoki’s bound ϕ(N) | 2[F : Q]
implies – just using the elementary properties of Euler’s ϕ function – strong re-
strictions on the exponent of E(F )[tors], and since F does not contain the CM
field the order of E(F )[tors] divides twice its exponent. Thus the torsion subgroup
E(F )[tors] is highly constrained. This was observed by Aoki [Ao95, Cor. 9.4]; we
present Aoki’s constraints in slightly refined form in Theorem 5.1.
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Our next main result shows that all the groups not eliminated above do in fact
arise as torsion subgroups of CM elliptic curves in some odd degree.
Theorem 1.5. (Odd Degree Theorem) Let F be a number field of odd degree, let
E/F be a K-CM elliptic curve, and let T = E(F )[tors]. Then:
a) One of the following occurs:
(1) T is isomorphic to the trivial group {•}, Z/2Z, Z/4Z, or Z/2Z× Z/2Z;
(2) T ∼= Z/ℓnZ for a prime ℓ ≡ 3 (mod 8) and n ∈ Z+ and K = Q(
√−ℓ);
(3) T ∼= Z/2ℓnZ for a prime ℓ ≡ 3 (mod 4) and n ∈ Z+ and K = Q(
√−ℓ).
b) If E(F )[tors] ∼= Z/2Z⊕ Z/2Z, then EndE has discriminant ∆ = −4.
c) If E(F )[tors] ∼= Z/4Z, then EndE has discriminant ∆ ∈ {−4,−16}.
d) Each of the groups listed in part a) arises up to isomorphism as the torsion
subgroup E(F ) of a CM elliptic curve E defined over an odd degree number field F .
With the Odd Degree Theorem and Real Cyclotomy II in hand, we can readily
prove the Prime Degree Theorem. In fact we are able to view the Prime Degree
Theorem as an explicit version of the k = 1 case of the following result.
Theorem 1.6. (Shifted Prime Degree Theorem)
a) There is a function C : Z+ → Z+ such that: for all k ∈ Z+, all primes p, all
number fields F/Q of degree (2k − 1)p, and all CM elliptic curves E/F , we have
#E(F )[tors] ≤ C(k).
b) There is a function P : Z+ → Z+ such that: for all k ∈ Z+, all primes p ≥ P (k)
all number fields F of degree (2k − 1)p, and all CM elliptic curves E/F , there is
a subfield F0 ⊂ F of degree dividing (2k − 1) and an F0-rational model (E0)/F0 of
E/F such that E0(F0)[tors] = E(F )[tors].
We go on to analyze possible CM torsion in degree p2 for a prime number p, in
degree 2p for a prime number p, and in degree p1p2 for distinct odd primes p1,
p2. In the first case we get a complete, finite classification. In the second case we
show that if there are infinitely many Sophie Germain primes in certain congru-
ence classes (a consequence of Schinzel’s Hypothesis H) then infinitely many groups
arise. In the third case we show that the infinitude of the set of groups which arise
is equivalent to the infinitude of a certain set of Sophie Germain primes.
Our overarching moral is that by studying torsion in the CM case we can get
precise classification results, well beyond what one could reasonably hope to do in
the non-CM case in the near future. Of course, whenever one gets such a result in
the CM case one wonders whether it could be true for non-CM curves as well. We
end the paper with a negative result of this form (Theorem 7.1).
1.3. The Contents of the Paper.
We will now give a more linear guide to the contents of the paper.
In §2 we prove a result (Theorem 2.1) on the preservation of torsion subgroups
under extension from one number field to another. This was essentially known for
elliptic curves; we show it here for abelian varieties.
§3 recalls basic results about imaginary quadratic orders, CM elliptic curves and
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Cartan subgroups. It also develops the theory of uniformization of elliptic curves by
real lattices and, in the CM case, relates it to classical genus theory. These results
are related to work of S. Kwon [Kw99] but differ in their perspective and in many
of the details. We also generalize a very classical result on ray class containment
from OK-CM elliptic curves to O-CM elliptic curves (Theorem 3.16).
§4 is devoted to giving restrictions on the torsion subgroup of various kinds. In
§4.1 we treat points of order 2. In §4.2 we extend work of [CCRS13] – itself a
refinement of bounds of Silverberg and Prasad-Yogananda – to the ramified case.
In the next three sections we state and prove Real Cyclotomy I, state Aoki’s Theo-
rem, and state and prove Real Cycltomy II. In §4.6 we discuss a theorem of Parish
which implies in particular that if F = Q(j) then every CM elliptic curve is Olson.
Parish’s Theorem is used only in order to rederive the classification of CM torsion
in degree 2 (already done in [Cl04] and [CCRS14]) but reproduced here for com-
pleteness. However this result has a place in any compilation of bounds on torsion
in the CM case, and it turns out that there are some interesting relations with real
cyclotomy. §4.7 gives an application of Real Cyclotomy I and includes an example
that explores the boundaries between Real Cyclotomy I and Real Cyclotomy II.
§5 gives a proof of the Odd Degree Theorem. Aoki’s contribution is revisited and
slightly refined in §5.1. After a brief treatment of primes equivalent to 7 mod 8 in
§5.2, the remainder of the proof involves the construction of all nonexcluded torsion
subgroups in odd degree. This is done via some considerations on twisting which
will be of future use (to us, at least), so §5.3 contains some basic constructions at
the level of generality of abelian varieties over number fields, while §5.4 contains
their application to construct torsion on CM elliptic curves in odd degree. In §5.5
we show that restrictions on the Galois closure of an odd degree number field F
force CM elliptic curves E/F to be Olson (Theorem 5.13).
§6 begins with the Shifted Prime Degree Theorem (Theorem 6.1). In the rest
of §6 this result is applied to study torsion in prime degrees (Theorem 1.4), prime
squared degrees (Theorem 6.5), fields of degree twice a prime (Theorem 6.7), and
fields of degree a product of distinct odd primes (Theorems 6.8 and 6.9).
In §7 we prove a degree nondivisibility theorem for elliptic curves over number
fields without complex multiplication (Theorem 7.1).
1.4. Acknowledgments.
Thanks to Jordan Ellenberg, Damien Robert, Will Sawin, and Matthias Schu¨tt
for useful discussions. We thank Paul Pollack for many fruitful discussions, yield-
ing in particular the main idea of the proof of Theorem 6.5, and also for providing
us with the heuristic of §6.5. We are indebted to Alice Silverberg for pointers to
the literature.
A.B. was supported in part by NSF grant DMS-1344994 (RTG in Algebra, Al-
gebraic Geometry, and Number Theory, at the University of Georgia). J.S. was
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2. Preservation of Torsion Subgroups Under Base Extension
Theorem 2.1. Let A/F be an abelian variety over a number field, and let d ≥ 2.
a) There are infinitely many L/F such that [L : F ] = d and A(L)[tors] = A(F )[tors].
b) If d is prime, then for all but finitely many L/F with [L : F ] = d, we have
A(L)[tors] = A(F )[tors].
c) For all but at most finitely many quadratic twists At of A/F we have A
t(F )[tors] =
At(F )[2] = A(F )[2].
Proof. a) By work of Masser [Ma87, Corollary 2], there is N ∈ Z+ depending
only on [L : Q] such that A(L)[tors] = A(L)[N ]. Let M = F (A[N ]). Then
A(L)[tors] ) A(F )[tors] implies A(L)[N ] ) A(F )[N ] and thus M ∩ L ) F . For
each d ≥ 2 there are infinitely many degree d L/F with M ∩ L = F : let v be a
finite place of F which is unramified inM , and choose L/F to be totally ramified at
v. This gives one extension L1/F ; replacing M with L1M gives another extension
L2/F ; and so forth.
b) If d = [L : F ] is prime, then M ∩ L ) F implies L ⊂M .
c) For t ∈ F×/F×2, we denote by At/F the quadratic twist by t and the involution
[−1] on A. We have monomorphisms A(F ) →֒ A(F (√t)), At(F ) →֒ A(F (√t)), and
A(F ) ∩ At(F ) = A(F )[2] = At(F )[2].
By part b), for all but finitely many t we have
A(F )[tors] = A(F (
√
t))[tors] and thus At(F )[tors] = At(F )[2] = A(F )[2]. 
Remark 2.2. In 2001, Qiu and Zhang used Merel’s theorem to prove Theorem
2.1b) when A is an elliptic curve [QZ01, Theorem 1]. When A is an elliptic curve
and F = Q, Theorem 2.1c) was proved by Gouveˆa and Mazur [GM91, Proposition
1]. This extends to a number field F unless A has complex multiplication by an
imaginary quadratic field K ⊂ F . Results of Silverberg [Si88] handle the case of
all abelian varieties with complex multiplication. Alternately, Mazur and Rubin use
Merel’s theorem to establish Theorem 2.1c) for elliptic curves: however, as in their
application A(F ) has no points of order 2, they record the result (only) in the form
that all but finitely many quadratic twists of A/F have no odd order torsion [MR10,
Lemma 5.5]. The full statement of Theorem 2.1c) for elliptic curves first appears
in a recent work of F. Najman [Na13, Theorem 12].
3. R-Structures, Complex Conjugation and Cartan Subgroups
3.1. Orders and Ideals in Imaginary Quadratic Fields.
Let K be a number field. A lattice in K is a Z-module Λ ⊂ K obtained as
the Z-span of a Q-basis for K. An order O in K is a lattice which is also a sub-
ring. The ring of integers OK is an order of K; conversely, since every element of
an order O is integral over Z, O ⊂ OK with finite index. For any lattice Λ,
O(Λ) = {x ∈ K | xΛ ⊂ Λ}
is an order of K, and Λ is a fractional O(Λ)-ideal of K. For all α ∈ K× we have
O(αΛ) = O(Λ). For any order O, a fractional O-ideal Λ is proper if O = O(Λ).
A fractional OK-ideal is necessarily proper, whereas for any nonmaximal order O,
[OK : O]OK is an O-ideal which is not proper.
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Lemma 3.1. Let O be an order in a quadratic field K, and let Λ be a fractional
O-ideal. The following are equivalent:
(i) Λ is a projective O-module.
(ii) For every prime p, Λ⊗Z Z(p) is a principal fractional O ⊗Z Z(p)-ideal.
(iii) Λ is a proper O-ideal.
Proof. To prove (i) ⇔ (ii) is an exercise in commutative algebra [Ei95, Exercise
4.11]. The local characterization of lattices in any number field gives (ii) =⇒ (iii)
[La87, p. 97] and the converse is standard [La87, Theorem 9, p. 98]. 
From now on we assume that K is an imaginary quadratic field. If O′ ⊂ O are
quadratic orders in K, their discriminants are related as follows:
∆(O′) = [O : O′]2∆(O).
For an order O in K, we define the conductor f = [OK : O]. Let us write ∆K for
∆(OK). Then if O has conductor f, we have
∆(O) = f2∆K .
Observe that ∆(O) is negative and congruent to 0 or 1 modulo 4; we call such inte-
gers imaginary quadratic discriminants. For anyK and f ∈ Z+, Z[ f2∆K+f
√
∆K
2 ]
is the unique order O in K of conductor f [La87, p. 90]. It follows that for every
imaginary quadratic discriminant ∆, there is a unique imaginary quadratic order
O(∆) of discriminant ∆.
3.2. Basics on CM Elliptic Curves.
Let A/F be an abelian variety over a field F . By EndA we mean the ring of
endomorphisms of A/F sep , endowed with the structure of a gF -module. It is known
that End◦A = EndA ⊗Z Q is a semisimple Q-algebra and EndA is an order in
End◦A. When F has characteristic 0 and A = E is an elliptic curve, End◦E is
either Q or an imaginary quadratic field K: in the latter case we say that E has
complex multiplication (CM). Thus EndE is1 an imaginary quadratic order
O, and we say that E has O-CM. We summarize some basic facts of CM theory
[CCRS13, Fact1]. Proofs are found throughout the literature [Co89, La87, Si94].
Fact 1. a) There exists at least one complex elliptic curve with O-CM.
b) Let E, E′ be any two complex elliptic curves with O(∆)-CM. The j-invariants
j(E) and j(E′) are Galois conjugate algebraic integers. In other words, j(E) is
a root of some monic polynomial with Z-coefficients, and if P (t) is the minimal
such polynomial, P (j(E′)) = 0 also.
c) Thus there is a unique irreducible, monic polynomial H∆(t) ∈ Z[t] whose roots
are the j-invariants of all O(∆)-CM complex elliptic curves.
d) The degree of H∆(t) is the class number h(∆) = #PicO(∆). In particular,
when O = OK we have deg(H∆(t)) = h(K), the class number of K.
e) Let F∆ := Q[t]/H∆(t). Then F∆ can be embedded in the real numbers, so in
particular is linearly disjoint from the imaginary quadratic field K. Let K∆
denote the compositum of F∆ and K, the ring class field of the order O.
Then K∆/K is abelian, with Galois group canonically isomorphic to Pic(O).
1An imaginary quadratic order O has a unique nontrivial ring automorphism (complex con-
jugation), so there are two different ways to identify O with EndE. As is standard, we take the
identification which is compatible with the action of O on the tangent space at the origin.
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Let E/C be an elliptic curve with O-CM; by the Uniformization Theorem there is
a lattice Λ ⊂ C such that 1 ∈ Λ and E ∼= C/Λ. Then Λ is a fractional O-ideal
of K and O(Λ) = O, so by Lemma 3.1 Λ is a projective O-module. Conversely, if
Λ is a rank one projective O-module, then EΛ = (Λ ⊗O C)/Λ is an elliptic curve,
and the C-isomorphism class of EΛ depends only on the isomorphism class of Λ
as an O-module. The map Λ 7→ EΛ induces a bijection from PicO to the set of
isomorphism classes of elliptic curves E/C with EndE ∼= O.
3.3. R-structures on Elliptic Curves.
For a subset S ⊂ C, we put S = {z | z ∈ S}. We say a lattice Λ ⊂ C is real
if Λ = Λ. For a lattice Λ ⊂ C, we associate the complex torus C/Λ to the Weier-
strass equation
EΛ : y
2 = 4x3 − g2(Λ)x − g3(Λ),
via the Eisenstein series g2, g3 [Si94, Proposition VI.3.6].
Lemma 3.2. a) Let E/C be an elliptic curve. The following are equivalent:
(i) There is an elliptic curve (E0)/R such that (E0)/C ∼= E.
(ii) j(E) ∈ R.
(iii) E ∼= EΛ for a real lattice Λ.
b) Let Λ1,Λ2 be real lattices. The following are equivalent:
(i) There is α ∈ R× such that Λ2 = αΛ1.
(ii) EΛ1 and EΛ2 are isomorphic as elliptic curves over R.
Proof. To prove a), it is immediate that (i) =⇒ (ii). For (ii) =⇒ (iii), take
g2, g3 ∈ R such that E′ : y2 = 4x3−g2x−g3 is an elliptic curve with j-invariant j(E)
[Si86, Proposition III.1.4]. There is a unique lattice Λ ⊂ C such that g2(Λ) = g2
and g3(Λ) = g3 and thus E
′ ∼= C/Λ [Si86, Theorem VI.5.1]. Since j(E) = j(E′) and
C is algebraically closed, we have E ∼= C/Λ. Since g2(Λ) = g2(Λ) = g2(Λ), g3(Λ) =
g3(Λ) = g3(Λ), we have Λ = Λ. Finally, if Λ is a real lattice then g2(Λ), g3(Λ) ∈ R
and (iii) =⇒ (i) is immediate. (Alternately, since Λ = Λ, complex conjugation on
C descends to an antiholomorphic involution on C/Λ and thus gives descent data
for an R-structure on E.)
To prove b), if Λ1,Λ2 ⊂ C, we have C/Λ1 ∼= C/Λ2 iff Λ2 = αΛ1 for some α ∈ C×.
In terms of Weierstrass equations, EαΛ is the quadratic twist of EΛ by α
2. Thus
EΛ1
∼= EαΛ1 = EΛ2 if α ∈ R. Conversely, if EΛ1 ∼= EΛ2 , then the standard theory
of Weierstrass equations [Si86, § III.1] shows: there is α ∈ R× with g2(Λ2) =
α4g2(Λ1) = g2(α
−1Λ1), g3(Λ2) = α6g3(Λ1) = g3(α−1Λ2) and thus Λ2 = α−1Λ1. 
Lemma 3.3. a) Let Λ be a real lattice. If j(EΛ) 6= 1728, then EiΛ and EΛ are
isomorphic as C-elliptic curves but not as R-elliptic curves. If j(EΛ) = 1728, then
Eζ8Λ and EΛ are isomorphic as C-elliptic curves but not as R-elliptic curves.
b) Let j ∈ R. Then there are precisely two R-isomorphism classes of elliptic curves
E/R with j(E) = j.
Proof. If j 6= 1728 then g3(Λ) 6= 0, so g3(iΛ) = −g3(Λ), whereas as above any real
change of variables takes g3(Λ) 7→ α−6g3(Λ) for some α ∈ R×. If j = 1728 then
g3(Λ) = 0, so the above argument shows instead that iΛ = Λ (as it should, since Λ
is homothetic to Z[i]). In this case g2(Λ) 6= 0 and g2(ζ8Λ) = −g2(Λ), whereas any
real change of variables takes g3(Λ) 7→ α−4g3(Λ) for some α ∈ R×. The standard
theory of real elliptic curves gives b) [Si94, Prop. V.2.2]. 
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Lemma 3.4. Let O be an order in the imaginary quadratic field K, and let I be a
proper fractional O-ideal. The following are equivalent:
(i) [I] = [I ] ∈ PicO.
(ii) I2 is principal.
(iii) j(EI) ∈ R.
Proof. a) Since II = NK/Q(I)O, we have [I] = [I]−1 ∈ PicO, so (i) ⇐⇒ (ii).
Work of Shimura gives (ii) ⇐⇒ (iii) [Sh94, (5.4.3)]. 
For an imaginary quadratic discriminant ∆, let τ∆ =
∆+
√
∆
2 , so O(∆) = Z[∆+
√
∆
2 ]
is the imaginary quadratic order of discriminant ∆. Then j(C/O) = j(τ∆). Let
σ1, . . . , σh(∆) : Q(j(τ∆))/Q →֒ C be the #PicO(∆) field embeddings, with σ1 taken
to be inclusion. By Lemma 3.4, j(τ∆) ∈ R. The other embeddings σ2, . . . , σh may
in general be either real or complex: Lemma 3.4 implies that the number of real
embeddings is #(PicO)[2].
Lemma 3.5. For an imaginary quadratic discriminant ∆, let r be the number of
distinct odd prime divisors of ∆. We define ν ∈ N as follows:
ν =

r − 1, ∆ ≡ 1 (mod 4) or ∆ ≡ 4 (mod 16)
r, ∆ ≡ 8, 12 (mod 16) or ∆ ≡ 16 (mod 32)
r + 1, ∆ ≡ 0 (mod 32).
a) We have PicO(∆)[2] ∼= (Z/2Z)ν .
b) In particular, h(∆) is odd iff ∆ ∈ {−4,−8,−16} or ∆ = −2ǫℓ2a+1 for ǫ ∈ {0, 2},
ℓ ≡ 3 (mod 4) a prime and a ∈ N.
c) There are precisely 2ν+1 R-homothety classes of O-CM real lattices.
Proof. Part a) is essentially due to Gauss [Co89, Proposition 3.11],[HK13, Theorem
5.6.11]. Part b) follows immediately. Part c) is obtained by combining part a) with
Lemmas 3.3 and 3.4. 
A fractional O-ideal I is primitive if I ⊂ O and for all e ≥ 2, I 6⊂ eO.
Lemma 3.6. a) Let E ∼=R EΛ be a real O-CM elliptic curve. The R-homothety
class of Λ contains a unique primitive O-ideal I. The ideal I is proper and real.
b) ([HK13, Theorem 5.6.4]) There are precisely 2µ primitive proper real O-ideals.
Proof. The lattice Λ contains an element a + bi with a 6= 0. Since Λ is real by
Lemma 3.2, we have a − bi ∈ Λ and thus also 2a = (a + bi) + (a − bi) ∈ Λ. Then
1
2aΛ is a proper O-ideal which is R-homothetic to Λ. If two fractional O-ideals
are R-homothetic, then one is real iff the other is real, and the R-homothety class
of any fractional O-ideal contains a unique primitive O-ideal. To prove part b),
combine part a) with Lemma 3.5b). 
Ideals of this type are completely classified. We use the following notation: for
α, β ∈ C which are linearly independent over R, we define the lattice
[α, β] = {aα+ bβ | a, b ∈ Z}.
Theorem 3.7. [HK13, Theorem 5.6.4] Let O be an order in K of discriminant ∆.
A primitive proper O-ideal I is real iff it is one of the following two types:
(1) I =
ñ
a,
√
∆
2
ô
, where a ∈ Z+, 4a|∆ and gcd
Å
a,
∆
4a
ã
= 1
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(2) I =
ñ
a,
a+
√
∆
2
ô
, where a ∈ Z+, 4a|a2 −∆ and gcd
Å
a,
a2 −∆
4a
ã
= 1.
Moreover, if ∆ ≡ 1 (mod 4), there are no such ideals of type (1).
Corollary 3.8. Let I be a primitive proper real O-ideal. Then [O : I] | ∆.
Proof. For all ideals I of the form (1) and (2) above, we have that [O : I] = a | ∆
[HK13, Theorem 5.4.2]. 
Let R be a domain with fraction field K. For fractional R-ideals I and J we define
the colon ideal
(J : I) = {x ∈ K | xI ⊂ J};
it is also a fractional R-ideal. If I is invertible, then (J : I) = I−1J .
Let E/F be an O-CM elliptic curve defined over a number field, and let I be a
nonzero ideal of O. We then have an I-torsion kernel
E[I] = {x ∈ E(F ) | ∀α ∈ I, αx = 0}.
If I ⊂ J then E[J ] ⊂ E[I]. Since I contains the positive integer [O : I], E[I] ⊂
E[[O : I]] and thus E[I] is a finite O-submodule of E(F ). Evidently E[I] is stabi-
lized by the action of gFK , so it corresponds to a finite e´tale FK-subgroup scheme
of E. If FK ) F , then the nontrivial element c ∈ Aut(FK/F ) acts as complex
conjugation on End0E and thus c(E[I]) = E[I]. It follows that E[I] is defined over
F iff I is real. For for any nonzero ideal I of O we have an isogeny E → E/E[I],
defined over FK in general and over F if I is real.
Let ι : F →֒ C be a field embedding. Then E ∼=C EΛ for some proper O-ideal Λ.
Observe that the kernel of the natural map EΛ → E(Λ:I) is (Λ : I)/Λ = (C/Λ)[I],
so E/E[I] ∼=C E(Λ:I). Furthermore, if I is invertible, then E(Λ:I) = EI−1Λ. Thus
we get an explicit description of the I-torsion kernel and the associated isogeny in
terms of uniformizing lattices.
Now let ι : F →֒ R be a field embedding. By Lemma 3.2 we may choose Λ to
be a real lattice. Suppose that I is moreover real. Then so is (Λ : I) and thus
EΛ → E(Λ:I) is an explicit description of the I-torsion kernel and the associated
isogeny in terms of uniformizing real lattices.
Theorem 3.9. Let ∆ be an imaginary quadratic discriminant.
a) Let F ⊂ R, and let E/F be an O-CM elliptic curve. Then there is an O-CM
elliptic curve E′/F such that E
′ ∼=R EO and an F -rational isogeny ϕ : E → E′.
b) Let N be a positive integer which is prime to ∆. Then the isogeny ϕ of part a)
induces a gF -module isomorphism E[N ]
∼→ E′[N ].
Proof. There is a primitive, proper, real O-ideal Λ such that E ∼=R EΛ. Let I be
any proper, real O-ideal. As above there is an F -rational isogeny ϕI : E → E/E[I]
which over R is given as EΛ → E(Λ:I) = EI−1Λ. Taking ϕ = ϕΛ establishes part
a). The degree of ϕΛ is [O : Λ], which by Corollary 3.8 divides ∆. It follows that
degϕΛ is prime to N and thus ϕΛ : E[N ]
∼→ E′[N ]. 
Remark 3.10. A work of S. Kwon [Kw99] contains related results. Especially,
the discussion preceding Theorem 3.9 generalizes [Kw99, Prop. 2.3.1], and the
classification of primitive, proper real ideals in an imaginary quadratic order is
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given in [Kw99, §3] and is used to classify cyclic isogenies on CM elliptic curves
rational over Q(j(E)).
3.4. Cartan Subgroups.
Let Λ ⊂ C be a lattice, and let EΛ = C/Λ. For N ∈ Z+ and ℓ ∈ P , put
ΛN = (
1
N
)Λ/Λ = EΛ[N ]
TℓΛ = lim←−Λℓn = Tℓ(EΛ).
If F ⊂ C and E/F is an elliptic curve, then E/C ∼= EΛ for some lattice Λ, uniquely
determined up to homothety. If F ⊂ R, then E/R ∼= EΛ for some real lattice Λ,
uniquely determined up to real homothety.
We have E(C)[tors] = E(F )[tors], so Aut(C/F ) acts on ΛN , TℓΛ and Λ̂. We
assume that Aut(C/F ) is a normal subgroup of Aut(C/F ): this holds if F is a
number field or if F = R. Then we get an induced action of gF on ΛN . If moreover
F ⊂ R, then complex conjugation c ∈ Aut(C/R) ⊂ Aut(C/F )։ gF acts on ΛN .
Let O be an imaginary quadratic order. For N, ℓ as above, consider the O-algebras
ON = O ⊗Z Z/NZ,
Tℓ(O) = O ⊗Z Zℓ = lim←−Oℓn .
Let E/F be an O-CM elliptic curve. As above, there is a proper integral O-ideal
Λ, with uniquely determined class in PicO, such that E/C ∼= EΛ. Then ΛN (resp.
TℓΛ) has a natural ON -module (resp. Tℓ(O)-module) structure. If F ⊂ R we may
take Λ to be a real ideal: Λ = Λ.
Lemma 3.11.
a) For every N ∈ Z+, ΛN = E[N ] is free of rank 1 as an ON -module.
b) TℓΛ = Tℓ(E) is free of rank 1 as Tℓ(O)-module.
Proof. Part b) is known by work of Serre and Tate [ST68, p. 502] while part a)
can be deduced from work of Parish [Pa89, Lemma 1]. Either part can be used to
deduce the other. 
In particular, for all primes ℓ we have a homomorphism of Zℓ-algebras
ιℓ : Tℓ(O)→ EndTℓ(E).
The map ιℓ is gF -equivariant; further, it is injective with torsion-free cokernel [Mi86,
Lemma 12.2]. Tensoring with Z/ℓnZ and applying primary decomposition, we get
for each N ∈ Z+ an injective gF -equivariant ring homomorphism
ON →֒ EndE[N ].
Tensoring to Qℓ gives
ι0ℓ : Vℓ(O) →֒ EndVℓ(E).
We define the Cartan subalgebras
Cℓ = ιℓ(Tℓ(O)) ⊂ EndTℓ(E),
C0ℓ = ι0ℓ(Vℓ(O)) ⊂ EndVℓ(E)
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and the Cartan subgroups
C×ℓ ⊂ Aut Tℓ(E),
(C0ℓ )× ⊂ Aut Vℓ(E).
Then C0ℓ ∼= K ⊗ Qℓ is a maximal e´tale subalgebra of EndVℓ(E) ∼= M2(Qℓ). We
may view C0ℓ →֒ M2(Qℓ) as the regular representation. We write C(C0ℓ ) for the
commutant and N(C0ℓ ) for the normalizer of C0ℓ inside EndVℓ(E). By the Double
Centralizer Theorem [Pi82, §12.7], we have
C(C0ℓ ) = C0ℓ .
Using the Skolem-Noether Theorem [Pi82, §12.6], we find that
NC0ℓ /(C0ℓ )× ∼= AutQℓ C0ℓ
has order 2.
The fixed field of the kernel of the representation gF → Vℓ(O) is FK, so
ρℓ∞(gFK) ⊂ C0ℓ ,
and if FK ) F then
ρℓ∞(gF ) 6⊂ C0ℓ .
In fact [ST68, §4, Corollary 2] we have
ρℓ∞(gFK) ⊂ ιℓ(Tℓ(O)×).
Moreover, gF -equivariance of ι
0
ℓ gives
ρℓ∞(gF ) ⊂ NC0ℓ .
This recovers a standard result of Serre [Se66, Theorem 5].
Lemma 3.12. Let Gℓ∞ = ρℓ∞(gF ) be the image of the ℓ-adic Galois representation.
The following are equivalent:
(i) Gℓ∞ lies in the Cartan subgroup.
(ii) Gℓ∞ is commutative.
(iii) K ⊂ F .
We now deduce a stronger version of a result of Serre [CCRS13, Lemma 15]. Let
us first note the following in the case Λ = O.
Lemma 3.13. Let K = Q(
√
∆0) be an imaginary quadratic field, and let O be an
order in K of discriminant ∆ = f2∆0: thus O = Z
î
∆+
√
∆
2
ó
. Let c be the nontrivial
element of Aut(K/Q). Let N ≥ 2, put ON = (1/N)O/O and iON = ( iN )O/(iO).
a) If ∆ is even or N is odd, then 1N ,
√
∆
N (resp.
i
N ,
√−∆
N ) is a Z/NZ-basis for ON
(resp. iON). The corresponding matrix of c is
ï
1 0
0 −1
ò
(resp.
ï −1 0
0 1
ò
).
b) In all cases 1N ,
∆+
√
∆
2N (resp. i
Ä
∆+
√
∆
2N
ä
) is a Z/NZ-basis for ON (resp. iON ).
The corresponding matrix of c is
ï
1 ∆
0 −1
ò
(resp.
ï −1 −∆
0 1
ò
).
Corollary 3.14. a) If N ≥ 3, then c acts nontrivially on ON .
b) If N = 2, then c acts nontrivially on ON iff ∆ is odd.
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Lemma 3.15. Let K be an imaginary quadratic field, and let O be an order in K
of discriminant ∆ = f2∆0. Let F be a field of characteristic 0, and let E/F be an
O-CM elliptic curve. Let N ∈ Z+, and suppose at least one of the following holds:
• N ≥ 3;
• N = 2 and ∆ is odd.
Then F (E[N ]) ⊃ K.
Proof. We may certainly assumeK 6⊂ F . Let σ ∈ gF be any element which restricts
nontrivially to KF . Then σ acts on ON as c acts on ON , and by Corollary 3.14, this
action is nontrivial. Since ιN : ON →֒ EndE[N ] is injective and gF -equivariant, it
follows that σ acts nontrivially on EndE[N ]. For any G-module M , if σ ∈ G acts
nontrivially on End(M) then σ acts nontrivially on M . 
3.5. Ray Class Field Containment.
Theorem 3.16. Let O be an order in an imaginary quadratic field K. Let F be a
field of characteristic 0, and let E/F be an O-CM elliptic curve. Let N ∈ Z+. Let
h/F : E → P1 be a Weber function for E: that is, h is the composition of the
quotient map E → E/(AutE) with an isomorphism E/(AutE) ∼= P1. Then the
field FK(h(E[N ])) contains the N -ray class field K(N) of K.
Remark 3.17. When O = OK , the equality K(j(C/OK), h(E[N ])) = K(N) is one
of the central results of classical CM theory [Si94, Theorem II.5.6].
Proof. We use the results and notation of Lang [La87, §10.3]. Applying Theorem
7 first with a = O and u = 1N and then with a = OK and u = 1N . We observe that
for an idele b, bO = O =⇒ bOK = OK . This is much as in [La87, Thm. 6, §10.3].
We conclude
L ⊃ K(j(C/O), h( 1
N
+O)) ⊃ K(j(C/OK), h( 1
N
+OK)).
But as an OK-module, 1NOK/OK is generated by 1N +OK [La87, p. 135], so
K(j(C/OK), h( 1
N
+OK)) = K(j(C/OK), h(E[N ])) = K(N). 
4. Restrictions on the Torsion Subgroup
The goal of this section is to assemble a toolkit of results on torsion points on CM
elliptic curves defined over number fields E/F . In many of these results the number
field F is not as restricted as it will be in the later results of the paper but the
conclusion is of a rather intricate or technical nature. There is also a mixture of
old and new: we draw from the work of Parish [Pa89], Silverberg [Si88], [Si92],
Prasad-Yogananda [PY01] and Aoki [Ao95], [Ao06] and establish variants, make
refinements and extract key consequences.
Throughout this section we will use the following setup: O is an imaginary quadratic
order with fraction field K. Let ∆K be the discriminant of OK , f the conductor of
O, and ∆ the discriminant of O, so ∆ = f2∆K . Let F be a subfield of C, and let
E/F be an O-CM elliptic curve. Again h/F will denote a Weber function.
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4.1. Points of Order 2.
Let O be an imaginary quadratic order of discriminant ∆ < −4, with fraction field
K. Let E/C be an O-CM elliptic curve. Let F = Q(j(E)) and let L = F (E[2]), so
L/F is Galois of degree dividing 6. By Fact 1, the isomorphism class of F depends
only on ∆. Since ∆ < −4, the x-coordinate is a Weber function on E, and thus L
does not depend upon the chosen Weierstrass model (any two O-CM elliptic curves
with the same j-invariant are quadratic twists of each other, and 2-torsion points
are invariant under quadratic twist). Thus as an abstract number field and a Galois
extension thereof, F and L depend only on ∆.
Theorem 4.1. (Parish) For all ∆ < −4, F ( L.
Proof. Equivalently, E does not have full 2-torsion defined over F = Q(j(E)). This
follows from more precise results of Parish [Pa89, Table 1]. 
Theorem 4.2. Let O be an imaginary quadratic order of discriminant ∆ < −4 and
with fraction field K. Let E/C be an elliptic curve with O-CM. Let F = Q(j(E)),
and let L = F (E[2]).
a) We have K ⊂ L iff ∆ is odd.
b) If ∆ ≡ 1 (mod 8), then L = FK and [L : F ] = 2.
c) If ∆ ≡ 5 (mod 8) and K 6= Q(√−3) then L = K(2)F and [L : F ] = 6.
d) If ∆ is even, then [L : F ] = 2.
Proof. a) If ∆ is odd, then Lemma 3.15 gives K ⊂ L. Suppose ∆ is even. Then
Lemma 3.13 implies E[2](R) = Z/2Z× Z/2Z. Since K 6⊂ R, the result follows.
b) If ∆ ≡ 1 (mod 8), then the mod 2 Cartan subgroup is isomorphic to (Z/2Z)××
(Z/2Z)×, better known as the trivial group. It follows that FK(E[2]) = FK.
Together with part a) this shows L = F (E[2]) = FK.
c) By part a) we have K ⊂ L, so by Theorem 3.16 we have L ⊃ K(2)F . Since ∆ is
odd, K(j) and K(2) are linearly disjoint over K(1), so
[K(2) : K(1)] = [K(j)K(2) : K(j)K(1)] = [FK(2) : FK(1)] | [L : FK] = [L : F ]
2
.
Since K 6= Q(√−3), we have (c.f. Proposition 4.18) [K(2) : K(1)] = 3. Since for
any elliptic curve E/F we have [F (E[2]) : F ] | 6, the result follows.
d) Since ∆ is even, the mod 2 Cartan subgroup is cyclic of order 22−2 = 2, and thus
[FK(E[2]) : FK] | 2. It follows by using the result of part a) that K 6⊂ F (E[2]),
or just the fact that [L : F ] | 6 so we cannot have [L : F ] = 4, that [L : F ] | 2.
Combining with Theorem 4.1 we get the result. 
Corollary 4.3. Suppose ∆ 6= −4. Let F be a number field, and let E/F be an
O(∆)-CM elliptic curve. If Z/2Z× Z/2Z ⊂ E(F ), then 2 | [F : Q].
Proof. If ∆ = −3, then by Theorem 4.2a) we have F ⊃ K hence 2 | [F : Q].
Otherwise we have ∆ < −4, so Q(E[2]) = Q(h(E[2])), and the 2-torsion field is
independent of the model of E. We may thus assume without loss of generality
that E is obtained by base extension from an elliptic curve E/Q(j(E)). Applying
Theorem 4.2 we get
2 | [Q(j(E), E[2]) : Q(j(E))] | [F : Q]. 
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Remark 4.4. The elliptic curve E/Q : y
2 = x3 − x shows that the hypothesis
∆ 6= −4 in Corollary 4.3 is necessary.
Corollary 4.5. If [F : Q] is odd, E/F is a CM elliptic curve and (Z/2Z)
2 ⊂ E(F )
then E(F )[12] = (Z/2Z)2.
Proof. By Corollary 4.3 we may assume ∆ = −4. It is enough to show E(F ) has
no subgroup isomorphic to Z/6Z or Z/2Z× Z/4Z. This follows from Table 2. 
This result will be sharpened in §5.
4.2. Bounds of Silverberg and Prasad-Yogananda Type.
Theorem 4.6. Let O be an imaginary quadratic order of discriminant ∆ = f2∆K ;
put K = Q(
√
∆). Let F be a number field, and let E/F an elliptic curve with O-
CM. Let w(K) = #O×K . Suppose E(F )[tors] contains a point of prime order ℓ > 2.
a) If (∆ℓ ) = −1, then Å
2(ℓ2 − 1)
w(K)
ã
h(K) | [FK : Q].
b) If (∆ℓ ) = 1, then Å
2(ℓ− 1)
w(K)
ã
h(K) | [FK : Q].
c) If (∆ℓ ) = 0, then:
1. (ℓ − 1)h(K) | [FK : Q] if ℓ is ramified in K.
2.
Å
2(ℓ− 1)2
w(K)
ã
h(K) | [FK : Q] if ℓ is split in K.
3.
Å
2(ℓ2 − 1)
w(K)
ã
h(K) | [FK : Q] if ℓ is inert in K.
Proof. The cases O = OK and ℓ ∤ ∆ of Theorem 4.6 were proved in [CCRS13,
Theorem 2]. The hypothesis O = OK comes into the proof only via the statement
that K(j(E))(h(E[N ])) = K(N), the N -ray class field of K. And in fact we used
only that the former field contains the latter field, which holds for all O by Theorem
3.16. So it remains to consider the case in which ℓ | ∆. If ∆ = −3 then ℓ = 3 and
the result is clear; if ∆ = −4 there is no such ℓ. Henceforth we assume ∆ < −4.
Since ℓ | ∆ we have by [CCRS13, §2.3] that
Oℓ = O ⊗ Z/ℓZ ∼= Fℓ[t]/(t2).
Thus its image Cℓ = ι(Oℓ) ⊂ EndE[ℓ] ∼= M2(Fℓ) is generated over the scalar
matrices by a single nonzero nilpotent matrix g. Since the eigenvalues of g are
Fℓ-rational we can put it in Jordan canonical form over Fℓ. We get a choice of basis
e1, e2 of E[ℓ] such that
Cℓ ∼=
ßï
α β
0 α
ò
| α, β ∈ Fℓ
™
.
Let x = ae1 + be2 ∈ E(F ) have order ℓ. For all S =
ï
α β
0 α
ò
∈ ρℓ(gFK) we have
(αa+ βb)e1 + (αb)e2 = Sx = x = ae1 + be2,
and thus
(α− 1)b = (α − 1)a+ βb = 0.
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If α 6= 1, then b = 0 and thus also a = 0 – contradiction – so α = 1 and ρℓ(gFK)
consists of elements of the form
ï
1 β
0 1
ò
. Hence ρℓ(gFK) has size 1 or ℓ.
Case 1: Suppose #ρℓ(gFK) = 1. By Theorem 3.16 we have FK ⊃ K(ℓ), and the
expression for [K(ℓ) : K(1)] found in [CCRS13, Corollary 9] gives
[K(ℓ) : Q] =
2(ℓ− 1)h(K)
w(K)
Å
ℓ−
Å
∆K
ℓ
ãã
| [FK : Q].
This gives the result, in fact with an extra factor of ℓ when ℓ | ∆K .
Case 2: If #ρℓ(gFK) = ℓ, then by Lemma 3.15 and Theorem 3.16 we have the
following diagram of fields. Note K(1) ⊂ K(j(E)), the ring class field of K with
conductor f.
Q
K
K(1)
K(ℓ)
FK
F (E[ℓ]))
2
ℓ
ℓ−1
w(K)
(
ℓ− (∆Kℓ ))
h(K)
Thus (ℓ−1)w(K)
(
ℓ− (∆Kℓ )) divides [FK : K(1)] · ℓ.
(1) If (∆Kℓ ) = 0 and w(K) = 2, this implies
(ℓ−1)
2 | [FK : K(1)].
(2) Suppose (∆Kℓ ) = 1. Since
(ℓ−1)2
w(K) is prime to ℓ, it follows that
(ℓ−1)2
w(K) | [FK :
K(1)].
(3) Suppose (∆Kℓ ) = −1. Since (ℓ
2−1)
w(K) is prime to ℓ, it follows that
(ℓ−1)2
w(K) |
[FK : K(1)].
Accounting for the additional factor of 2 · h(K) obtained from K(1) ⊂ FK yields
the result. 
4.3. Real Cyclotomy I.
Lemma 4.7. Let ∆ be an imaginary quadratic discriminant, and let K = Q(
√
∆).
Let F be a number field, and let E/F be an elliptic curve. Let N ≥ 3, and suppose
(Z/NZ)2 ⊂ E(FK). Then:
a) We have [Q(ζN ) : Q(ζN ) ∩ F ] ≤ 2.
b) Suppose F is real. Then Q(ζN ) ∩ F = Q(ζN )+.
c) Suppose gcd(N,∆K) = 1. Then Q(ζN ) ( FK.
d) If K 6⊆ F (ζN ), then Q(ζN ) ⊂ F .
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e) Suppose N is an odd prime power. Then Q(ζN )
+ ⊂ F .
f) Suppose N = 2a with a ≥ 3. Then Q(ζN/2)+ ( F .
Proof. a) Let χN : gF → (Z/NZ)× be the mod N cyclotomic character, and let
HF = χN (gF ). As usual the Weil pairing gives Q(ζN ) ⊂ FK, so χN (gFK) ≡ 1,
and thus #HF ≤ 2. Moreover F = F (ζN )HF ⊃ Q(ζN )HF , and the result follows.
b) Since N ≥ 3, Q(ζN ) 6⊆ F and by part a) we have [Q(ζN ) : Q(ζN ) ∩ F ] = 2.
Further, Q(ζN ) ∩ F ⊂ Q(ζN ) ∩ R = Q(ζN )+.
c) We have Q(ζN ) ⊂ FK; if equality held, then K ⊂ Q(ζN ). But K is ramified at
some prime ℓ ∤ N and Q(ζN ) is ramified only at primes dividing N .
d) The hypothesis implies that FK and F (ζN ) are linearly disjoint over F , χN |gFK ≡
1 implies #HF = {1} and Q(ζN ) ⊂ F .
e) If N is an odd prime power, then (Z/NZ)× is cyclic, so either HF = 1 and
Q(ζN ) = Q(ζN )
HF ⊂ F or HF = {±1} and Q(ζN )+ = Q(ζN )HF ⊂ F .
f) Since N = 2a with a ≥ 3, (Z/NZ)× has three elements of order 2: −1 and
2a−1 ± 1. So we have HF ( {±1, 2a−1 ± 1}, and thus
F ⊃ Q(ζN )HF ) Q(ζN ){±1,2
a−1±1} = Q(ζN/2)+. 
Theorem 4.8. (Real Cyclotomy I) Let ∆ be an imaginary quadratic discriminant,
and let K = Q(
√
∆). Let N ∈ Z+ be such that gcd(N,∆) = 1. Let F 6⊇ K be
a number field, and let E/F be an O(∆)-CM elliptic curve. Suppose that E(F )
contains a point of order N .
a) We have (Z/NZ)2 ⊂ E(FK).
b) F contains an index 2 subfield of Q(ζN ).
c) If N is an odd prime power, then Q(ζN )
+ ( F . If N ≥ 8 is an even prime
power, then Q(ζN/2)
+ ( F .
d) If F is real and N ≥ 3, then Q(ζN )+ ( F .
Proof. a) We immediately reduce to the case that N = ℓa is a power of a prime ℓ.
Let Tℓ(O) = O ⊗ Zℓ, and identify Tℓ(O) with its isomorphic image in EndTℓ(E).
For b ∈ Z+, let Oℓb = Tℓ(O)/〈ℓb〉. The hypothesis gcd(N,∆) = 1 implies that
Tℓ(O) is the maximal Zℓ-order in Kℓ = K ⊗ Qℓ. We know that Tℓ(E) is free of
rank one as a Tℓ(O)-module by Lemma 3.11.
Case 1: Suppose
(
∆
ℓ
)
= 1. Then Tℓ(O) ∼= Zℓ × Zℓ. Put ι =
ï
0 1
1 0
ò
. Then
NTℓ(O)× = 〈Tℓ(O)×, ι〉. Because F does not contain K, there is σ ∈ gF such
that ρℓ∞(σ) ∈ NTℓ(O)× \ Tℓ(O)×. We may choose a Zℓ-basis ‹e1, ‹e2 of Tℓ(E) and
represent the Tℓ(O)-action on Tℓ(E) via {
ï
α 0
0 β
ò
| α, β ∈ Zℓ}. Let
‹I1 = ï 1 00 0
ò
, ‹I2 = ï 0 00 1
ò
∈ Tℓ(O).
For i = 1, 2, let ‹Vi = 〈‹ei〉Zℓ , and observe that each ‹Vi is an Tℓ(O)-submodule of
Tℓ(E). For i = 1, 2, put Vi = ‹Vi (mod ℓ) ⊂ E[ℓ](F ). Because we may write ρℓ∞(σ)
as ιM with M ∈ Tℓ(O)×, we have
ρℓ∞(σ)(V˜1) = V˜2, ρℓ∞(σ)(V˜2) = V˜1
and thus also
ρℓ(σ)(V1) = V2, ρℓ(σ)(V2) = V1.
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Lift P ∈ E[ℓn](F ) to a point P˜ = a‹e1 + b‹e2 ∈ Tℓ(E). We claim a, b ∈ Z×ℓ : if not,
P ′ = [ℓn−1]P ∈ V1 ∪ V2 \ {0}, and ρℓ(σ)(P ′) = P ′ gives a contradiction. It follows
that for i = 1, 2, 〈I˜iP˜ 〉Zℓ = ‹Vi, so the Tℓ(O)-submodule generated by P˜ is Tℓ(E).
Going modulo ℓa we get that the Oℓa-submodule generated by P is E[ℓa], and thus
(Z/ℓaZ)2 ⊂ E(FK).
Case 2: Suppose
(
∆
ℓ
)
= −1. Then Tℓ(O) is a discrete valuation ring with uni-
formizing element ℓ and fraction field Kℓ and thus Oℓa is a finite principal ring
with maximal ideal 〈ℓ〉. The elements of (Oℓa ,+) of order ℓa are precisely the
units, so O×ℓa acts transitively on the order ℓa elements of E[ℓa] and thus the Oℓa -
submodule of E[ℓa] generated by P is E[ℓa].
b) This follows from Lemma 4.7a).
c) If N ≥ 3 is an odd prime power then by Lemma 4.7e) we have Q(ζN )+ ⊂ F .
Applying Lemma 4.7c) we get
1 < [FK : Q(ζN )] = [F : Q(ζN )
+].
The case of an even prime power N ≥ 8 is similar but easier, since the strictness
in the containment Q(ζN/2)
+ ( F comes from Lemma 4.7f). For part d) we apply
Lemma 4.7b) and deduce the strictness of the containment as above. 
4.4. Aoki’s Theorem.
For a number field F and a prime number ℓ, we denote by wℓ∞(F ) the cardi-
nality of the group of ℓ-power roots of unity in F .
Let K be an imaginary quadratic field, and let F be a number field which does
not contain K. For an odd prime ℓ, put
mℓ(FK/F ) =
®
1 F ⊃ Q(ζℓ)
wℓ∞(FK) F 6⊃ Q(ζℓ).
Suppose w2∞(FK) = 2
η. Put
m2(FK/F ) =

2 η = 1 or F ⊃ Q(√−1),
2η η ≥ 2 and F ∩Q(ζ2η ) = Q(cos π2η−1 )
2η−1 η ≥ 3 and F ∩Q(ζ2η ) = Q(
√−1 sin π2η−1 ).
Finally, put
m(FK/F ) =
∏
ℓ∈P
mℓ(FK/F ).
Remark 4.9. a) We have m(FK/F ) | w(FK). Equality holds if F is real.
b) For 2 < ℓ ∈ P, if mℓ(FK/F ) > 1, then FK = F (ζℓ).
c) If m2(FK/F ) > 2, then FK = F (
√−1).
Theorem 4.10. (Aoki [Ao06, Thm. 9.4]) Let K be an imaginary quadratic field,
let F be a number field which does not contain K, and let E/F be a K-CM elliptic
curve. Put m = m(FK/F ) and n = w(FK) (so m|n, with equality if F is real).
Then:
a) expE(FK)[tors] | n and #E(FK)[tors] | m2.
b) #E(F )[tors] | m.
c) • If #E(F )[2] ≤ 2, then E(F )[tors] ∼= Z/NZ for some N ∈ Z+.
• If #E(F )[2] = 4, then E(F )[tors] ∼= Z/2Z⊕ Z/2NZ for some N ∈ Z+.
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Aoki records the following immediate consequence.
Corollary 4.11. Let K be an imaginary quadratic field, F a number field not
containing K, and E/F a K-CM elliptic curve. If E(FK) has a point of order
N ≥ 3, then Q(ζN ) ⊂ FK and thus
ϕ(N)
2
| [F : Q].
Taking F = Q in Aoki’s Theorem and Corollary 4.11, we recover Olson’s Theorem.
4.5. Real Cyclotomy II.
Theorem 4.12. (Real Cyclotomy II) Let O be an order of discriminant ∆ in an
imaginary quadratic field K, let F be a real number field, and let E/F be an O-CM
elliptic curve. Let N ≥ 1, and suppose E(F ) contains a point of order N .
a) We have Q(ζN )K∆ ⊂ FK and Q(ζN )+F∆ ⊂ F .
b) If gcd(N,∆K) = 1 and N ≥ 3, then Q(ζN )+ ( F .
c) Suppose N ≥ 3, and let ν = #Pic(O)[2]. Then
(3)
ϕ(N)
2
h(∆)
2ν
| [F : Q].
d) If N ≥ 3 and h(∆) is odd – cf. Lemma 3.5b) – then
(4)
ϕ(N)h(∆)
2
| [F : Q].
Remark 4.13. When ℓn = 2, Theorem 4.12a) is vacuous. Part b) holds in this
case unless F = Q and j ∈ {0, 54000,−153, 2553}. These curves have CM by O(∆)
for ∆ ∈ {−3,−12,−7,−28} and a point of order 2.
Proof. a) To establish Q(ζN ) ⊂ FK we reduce to the case in which N = ℓn is a
prime power. It will then follow that Q(ζN )
+ = Q(ζN )
c ⊂ (FK)c = F .
Let Λ be the real lattice associated to E, unique up to R-homothety. By Lemma
3.6 there is r ∈ R× such that Λ′ = rΛ is a primitive proper O-ideal.
First suppose ∆ = 4D. Then O = [1,√D], and Λ′ is of type I or II as in Theorem
3.7 above. If it is of type I, it follows that
Λ =
ñ
t
r
,
√
D
r
ô
, where t ∈ Z+, t|D and
Å
t,
D
t
ã
= 1.
With respect to this basis the action of complex conjugation is given by
T =
ï
1 0
0 −1
ò
,
and the action of O on Λ is given by
α+ β
√
D 7→
ï
α β
(
D
t
)
βt α
ò
.
We may choose a Zℓ-basis ‹e1, ‹e2 for Tℓ(E) such that the image of the Cartan
subgroup in GL2(Zℓ) is
C×ℓ =
ßï
α β
(
D
t
)
βt α
ò
| α2 − β2D ∈ Z×ℓ
™
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and the element c ∈ gF induced by complex conjugation corresponds to ρℓ∞(c) = T .
Let ei = e˜i (mod ℓ
n). For x ∈ E(F )[ℓn] \E(F )[ℓn−1], we may choose a, b ∈ Z/ℓnZ
such that x = ae1 + be2. Then
ae1 + be2 = x = Tx = ae1 − be2,
so 2b ≡ 0 (mod ℓn). We assume for the moment that ℓ is odd, so it follows that
b ≡ 0 (mod ℓn). Thus a ∈ (Z/ℓnZ)×.
Let Gℓ∞ = ρℓ∞(gF ) be the image of the ℓ-adic Galois representation. For S =ï
α β
(
D
t
)
βt α
ò
∈ C×ℓ ∩Gℓ∞ , we have
(5) ae1 + be2 = x = Sx =
Å
αa+ βb
Å
D
t
ãã
e1 + (βat+ αb)e2.
Modulo ℓn this becomes
ae1 = x = Sx = αae1 + βate2.
It follows that α ≡ 1 (mod ℓn) and βt ≡ 0 (mod ℓn), and thus
S ≡
ï
1 β
(
D
t
)
0 1
ò
(mod ℓn).
Let σ ∈ gFK . Then there exists β0 = β0(σ) such that
ρℓn(σ) =
ï
1 β0
(
D
t
)
0 1
ò
.
By Galois equivariance of the Weil pairing, σζℓn = ζ
det ρℓn (σ)
ℓn = ζℓn , so ζℓn ∈ FK.
If ℓ = 2, we must adjust our approach by working mod 2n−1. Indeed, Tx = x
will only imply b ≡ 0 (mod 2n−1) and a ∈ (Z/2nZ)×. For S ∈ C×2 ∩G2∞ , Sx = x
gives α ≡ 1 (mod 2n−1), βt ≡ 0 (mod 2n−1). In fact, βt ≡ 0 (mod 2n) as well.
Indeed, by (5), b = βat+ αb, which means
a−1b(1− α) ≡ βt (mod 2n).
As 2n−1 | b and 2n−1 | (1− α), the claim follows since n ≥ 2. Thus
detS = α2 − β2D = α2 − β2tD
t
≡ α2 ≡ 1 (mod 2n),
and det ◦ρ2n |gFK is trivial. We conclude ζ2n ∈ FK.
If Λ′ is of type II, then
Λ =
ñ
t
r
,
t+
√
∆
2r
ô
, where t ∈ Z+, 4t|t2 −∆ and
Å
t,
t2 −∆
4t
ã
= 1.
With respect to this basis the action of complex conjugation is given by
T =
ï
1 1
0 −1
ò
,
and the action of O on Λ is given by
α+ β
√
D 7→
ñ
α− β ( t2) −β Ä t2−∆4t ä
βt α+ β
(
t
2
) ô .
This gives rise to the Cartan subgroup
C×ℓ =
®ñ
α− β ( t2) −β Ä t2−∆4t ä
βt α+ β
(
t
2
) ô | α2 − β2 t2
4
+ β2
Å
t2 −∆
4
ã
∈ Z×ℓ
´
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As before, we may choose a Zℓ-basis ‹e1, ‹e2 for Tℓ(E) such that ρℓ∞(gFK) ⊂ C×ℓ and
the element c ∈ gF induced by complex conjugation corresponds to ρℓ∞(c) = T .
Let ei = e˜i (mod ℓ
n). For x ∈ E(F )[ℓn] \ E(F )[ℓn−1], we may choose a, b ∈
Z/ℓnZ such that x = ae1 + be2. Then
ae1 + be2 = x = Tx = (a+ b)e1 − be2,
so b ≡ 0 (mod ℓn) and a ∈ (Z/ℓnZ)×. For S =
ñ
α− β ( t2) −β Ä t2−∆4t ä
βt α+ β
(
t
2
) ô ∈
C×ℓ ∩Gℓ∞ , we have
ae1 = x = Sx =
Å
α− β
Å
t
2
ãã
ae1 + βate2 (mod ℓ
n).
Thus α− β ( t2) ≡ 1 (mod ℓn) and βt ≡ 0 (mod ℓn). It follows that
α+ β
Å
t
2
ã
≡ α+ β
Å
t
2
ã
− βt = α− β
Å
t
2
ã
≡ 1 (mod ℓn).
Hence
S ≡
ñ
1 −β
Ä
t2−∆
4t
ä
0 1
ô
(mod ℓn).
We conclude ζℓn ∈ FK as before.
Finally, we consider the case when ∆ ≡ 1 (mod 4). Then O =
î
1, 1+
√
∆
2
ó
and
Λ′ is of type II as in Theorem 3.7. Thus
Λ =
ñ
t
r
,
t+
√
∆
2r
ô
, where t ∈ Z+, 4t|t2 −∆ and
Å
t,
t2 −∆
4t
ã
= 1.
Following the method used above, we may choose a Zℓ-basis ‹e1, ‹e2 for Tℓ(E) such
that the image of the Cartan subgroup in GL2(Zℓ) consists of matrices of the formñ
α− β ( t−12 ) β Ä∆−t24t ä
βt α+ β
(
t+1
2
) ô
and the element c ∈ gF induced by complex conjugation corresponds to
T =
ï
1 1
0 −1
ò
.
Let ei = e˜i (mod ℓ
n). For x ∈ E(F )[ℓn] \ E(F )[ℓn−1], we again choose a, b ∈
Z/ℓnZ such that x = ae1 + be2. Then Tx = x gives b ≡ 0 (mod ℓn) and hence
a ∈ (Z/ℓnZ)×. For S =
ñ
α− β ( t−12 ) β Ä∆−t24t ä
βt α+ β
(
t+1
2
) ô ∈ C×ℓ ∩Gℓ∞ , we have
ae1 = x = Sx =
Å
α− β
Å
t− 1
2
ãã
ae1 + βate2 (mod ℓ
n).
As before, this implies α− β ( t−12 ) ≡ 1 (mod ℓn) and βt ≡ 0 (mod ℓn). Since
α+ β
Å
t+ 1
2
ã
≡ α+ β
Å
t+ 1
2
ã
− βt = α− β
Å
t− 1
2
ã
≡ 1 (mod ℓn),
we have
S ≡
ñ
1 β
Ä
∆−t2
4t
ä
0 1
ô
(mod ℓn).
TORSION POINTS ON CM ELLIPTIC CURVES OVER REAL NUMBER FIELDS 23
It follows that ζℓn ∈ FK.
b) Suppose gcd(N,∆K) = 1 and N ≥ 3. Seeking a contradiction, we suppose that
F = Q(ζN )
+. Then K ⊂ FK = Q(ζN ), so K is ramified at some prime divisor of
N and thus gcd(N,∆K) > 1.
c) Let G(∆) := K∆ ∩ Qab be the maximal abelian subextension of K∆/Q. We
have Aut(K∆/K) = PicO(∆), and by [Co89, Thm. 9.18], if M is a subextension
of K∆/K then M/Q is generalized dihedral. It follows that
Aut(G(∆)/K) = PicO(∆)/Pic(O(∆))2 ∼= (Z/2Z)ν
and
Aut(G(∆)/Q) ∼= (Z/2Z)ν+1.
Since K ⊂ G(∆), we have
Aut(G(∆) ∩ F∆/Q) = Aut(Qab ∩ F∆/Q) ∼= (Z/2Z)ν
and thus
Aut(Q(ζN )
+ ∩ F∆/Q) = (Z/2Z)ξ
for some 0 ≤ ξ ≤ ν. Equation (3) follows immediately.
d) This is an immediate consequence of part c). 
Remark 4.14. a) If E has an FK-rational point of order N , then some quadratic
twist (Et)/F has an F -rational point of order N
∗ = Ngcd(N,2) and thus Real Cyclo-
tomy II implies ϕ(N
∗)
2 | [F : Q].
b) Combining Aoki’s Theorem with the proof of parts c) and d) of Real Cyclotomy
II, we find that (3) and (4) hold under the weaker assumptions that F 6⊃ K and
E(FK) has a point of order N .
4.6. Parish’s Theorem.
Above we saw that Aoki’s Theorem implies a generalization of Olson’s Theorem.
A different such generalization was given by J.L. Parish [Pa89].
Theorem 4.15. (Parish) Let F be a number field, and let E/F be an elliptic curve
with CM by the imaginary quadratic order O, with discriminant ∆, in the imaginary
quadratic field K.
a) If F = Q(j(E)), then E(F )[tors] is an Olson group.
b) If F = K(j(E)) and ∆ < −4, then E(F )[tors] is either an Olson group or
isomorphic to Z/2Z⊕ Z/4Z or Z/2Z⊕ Z/6Z.
Remark 4.16. The table of Theorem 1.4 shows that the CM discriminants ∆ = −3
and ∆ = −4 are indeed exceptions to the statement of Theorem 4.15b).
Aoki’s Theorem quickly implies a slightly weaker version of Theorem 4.15a).
Corollary 4.17. (Parish In Odd Degree)
a) Let E/F be a K-CM elliptic curve with F = Q(j(E)). Then the exponent of
E(F )[tors] divides 24.
b) If [F : Q] is odd, then E(F )[tors] is an Olson group.
Proof. a) Suppose E(F ) contains a point of order N . Since F does not contain K,
Aoki’s Theorem applies: Q(ζN ) ⊂ FK = K(j). The maximal abelian subextension
of K(j)/Q has exponent dividing 2 (cf. proof of Theorem 4.12, part c). Thus
(Z/NZ)× itself has exponent dividing 2, which holds (if and) only if N | 24.
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b) We have ϕ(N) | [FK : Q]. If [F : Q] is odd, this eliminates N = 8, 12, 24.
Since F is real, E(F )[tors] is either of the form Z/NZ or Z2Z ⊕ Z/NZ with N
even. By Corollary 4.3, since [F : Q] is odd, the latter can only happen when
∆ = −4, in which case F = Q(j) = Q(1728) = Q, and we have reduced to Olson’s
Theorem. 
4.7. Square-Root SPY Bounds.
Proposition 4.18. ([Co00, Corollary 3.2.4]) Let K be a number field, and let m a
nonzero ideal of OK , hence also a modulus in the sense of class field theory. Let
U = O×K and Um = {α ∈ U : ordp(α− 1) ≥ ordpm for all p | m}. Then
[Km : K] =
h(K)
[U :Um]
[OK : m] ·∏p|m (1− [OK : p]−1),
where Km is the ray class field of K with modulus m.
Theorem 4.19. (Square-Root SPY Bounds) Let O be an imaginary quadratic
order of discriminant ∆ and fraction field K, let F be a number field, and let E/F
be an O-CM elliptic curve. Let N ≥ 3, and suppose E(F ) has a point of order N .
a) If (Z/NZ)2 ⊂ E(FK), then
ϕ(N) ≤
 
[F : Q]w(K)
h(K)
.
b) The hypothesis of part a) is satisfied when K 6⊆ F and gcd(∆, N) = 1.
Proof. a) We have∏
p|NOK
(
1− [OK : p]−1
)
=
∏
p|N
∏
p|pOK
(
1− [OK : p]−1
)
.
Further, we have
∏
p|pOK
(
1− [OK : p]−1
)
=

(1− 1p )2,
Ä
∆K
p
ä
= 1
(1− 1p ),
Ä
∆K
p
ä
= 0
(1− 1p2 ),
Ä
∆K
p
ä
= −1
,
so ∏
p|NOK
(
1− [OK : p]−1
) ≥∏
p|N
Å
1− 1
p
ã2
.
Applying Lemma 3.15 and Theorem 3.16, we get
FK = F (E[N ]) ⊃ K(N)
and thus
[F : Q] ≥ [FK : Q]
2
≥ [K
(N) : Q]
2
= [K(N) : K]
=
h(K)
[U : UNOK ]
[OK : NOK ]
∏
p|NOK
(
1− [OK : p]−1
)
≥ h(K)
w(K)
N2
∏
p|N
Å
1− 1
p
ã2
=
h(K)
w(K)
ϕ(N)2.
b) This is Theorem 4.8a). 
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Example 4.20. Let N ≥ 3, let F be a cubic number field, and let E/F be a CM
elliptic curve such that E(F ) contains a point of order N . The SPY Bounds give
ϕ(N) ≤ [F : Q]w(K) ≤ 18; in particular the largest prime value of N permitted
is 19. The odd order torsion subgroup of E(F ) has size at most 13 [CX08, Main
Theorem]; in particular, the largest prime value permitted is 13. Real Cyclotomy
II (Theorem 4.12) gives ϕ(N) | 6 and thus N | 4, N | 14 or N | 18; in particular,
the largest prime value permitted is 7. Theorems 2.1 and 1.4 show that all of these
values of N are actually attained except for N = 18.
Suppose now that E/F is O(∆)-CM and gcd(∆, N) = 1. Then the Square Root
SPY Bounds give
ϕ(N) ≤ ⌊
√
18⌋ = 4, K = Q(√−3),
ϕ(N) ≤ ⌊
√
12⌋ = 3, K = Q(√−1),
ϕ(N) ≤ ⌊
√
6⌋ = 2, K /∈ {Q(√−3),Q(√−1)}.
Combining with Real Cyclotomy II, we get that the only prime values of N permitted
in this case are the “Olson primes” 2 and 3. The four elliptic curves in rows
13 through 16 of the table in Theorem 1.4 do not satisfy the Square Root SPY
Bounds. It follows from Theorem 4.19 that for N = 9 and N = 14 we do not
have (Z/NZ)2 ⊂ E(FK). This shows that the hypothesis gcd(∆, N) = 1 in Real
Cyclotomy I (Theorem 4.8) is necessary in order for this stronger form of real
cyclotomy to hold. On the other hand, we have
Q[b]/(b3 − 15b2 − 9b− 1) ∼= Q[b]/(b3 + 105b2 − 33b− 1) ∼= Q(ζ9)+,
Q[b](b3 − 4b2 + 3b+ 1) ∼= Q[b]/(b3 − 186b2 + 3b+ 1) ∼= Q(ζ14)+,
in accordance with Real Cyclotomy II (Theorem 4.12).
5. The Odd Degree Theorem
5.1. Statement of Theorem.
Let F/Q be a number field of odd degree. Then F is real. Hence we get a natural
terrain of applicability of Real Cyclotomy I, Aoki’s Theorem and Real Cyclotomy
II: if F is an odd degree number field, E/F is a CM elliptic curve, and E(F ) has a
point of order N ≥ 5 (as we may as well assume, since points of order 1 ≤ N ≤ 4
occur already over Q), then Real Cyclotomy II implies that ϕ(N)2 | [F : Q]. But
this implies ϕ(N) ≡ 2 (mod 4), which is very restrictive! Indeed, ϕ(N) is always
even; moreover ϕ(N) is divisible by 4 when N ≥ 5 is divisible by 4, by a prime
p ≡ 1 (mod 4), or by two distinct odd primes. So there is a prime p ≡ 3 (mod 4)
and natural numbers ǫ, a with 0 ≤ ǫ ≤ 1 such that N = 2ǫpa.
The odd degree hypothesis also imposes the following restriction.
Theorem 5.1. Let O be an order in an imaginary quadratic field K, of discrimi-
nant ∆. Let F be an odd degree number field and E/F an O-CM elliptic curve.
a) (Aoki) If Z/ℓZ →֒ E(F ) for some prime ℓ > 2, then ℓ ≡ 3 (mod 4) and
K = Q(
√−ℓ).
b) If Z/2Z ⊕ Z/2Z →֒ E(F ), then:
(i) (Aoki) E(F )[tors] ∼= Z/2Z⊕ Z/2Z and K = Q(√−1).
(ii) ∆ = −4.
c) If Z/4Z →֒ E(F ), then:
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(i) (Aoki) E(F )[tors] ∼= Z/4Z and K = Q(√−1).
(ii) ∆ ∈ {−4,−16}.
Proof. a) Real Cyclotomy II gives ℓ−12 | [F : Q]; since [F : Q] is odd, we have ℓ ≡ 3
(mod 4). It also gives ζℓ ∈ FK, so FK contains both K and Q(
»
(−1) ℓ−12 ℓ). Since
[FK : Q] ≡ 2 (mod 4), we have K = Q(
»
(−1) ℓ−12 ℓ) = Q(√−ℓ).
b) Corollary 4.3 gives ∆ = −4, so K = Q(√−1). By part a, E(F )[tors] is a 2-group,
and by Corollary 4.5 we have E(F )[tors] ∼= Z/2Z× Z/2Z.
c) By Real Cyclotomy II, FK contains both K and Q(
√−1). Again, [FK : Q] ≡ 2
(mod 4) forces K = Q(
√−1). By parts a) and b), E(F )[tors] ∼= Z/2aZ for some
a ≥ 2. By Real Cyclotomy II, 2a−2ϕ(2a)2 | [F : Q], so a = 2. The order of conductor
f in Q(
√−1) has odd class number iff f ∈ {1, 2}. 
Remark 5.2.
It follows from Corollary 5.8 that if ℓ ≡ 3 (mod 4) is a prime, then for all a ≥ 0,
there is an odd degree number field F and an elliptic curve E/F with CM by the
quadratic order of discriminant −ℓ2a+1 and an F -rational point of order ℓ.
Olson’s work shows that there are elliptic curves over Q with CM by the quadratic
orders of discriminants −4 and −16 with Q-rational points of order 4.
Since F is real, E(F )[tors] is of the form Z/NZ or Z/2Z ⊕ Z/2NZ. Thus the
discussion above and Theorem 5.1 imply E(F )[tors] has order dividing 4 or is of
the form Z/2ǫℓnZ with ǫ ∈ {0, 1}, n ∈ Z+ and ℓ ≡ 3 (mod 4) a prime. We have
recovered a result of Aoki [Ao95, Cor. 9.4], via an approach which gives slightly
more precise information in the case 4 | #E(F )[tors]. This brings us to the main
result of this section, which promotes Aoki’s Theorem to a complete determination
of the torsion subgroups of CM elliptic curves over odd degree number fields.
Theorem 5.3. (Odd Degree Theorem) Let F be a number field of odd degree, let
E/F be a K-CM elliptic curve, and let T = E(F )[tors]. Then:
a) One of the following occurs:
(1) T is isomorphic to the trivial group {•}, Z/2Z, Z/4Z, or Z/2Z× Z/2Z;
(2) T ∼= Z/ℓnZ for a prime ℓ ≡ 3 (mod 8) and n ∈ Z+ and K = Q(
√−ℓ);
(3) T ∼= Z/2ℓnZ for a prime ℓ ≡ 3 (mod 4) and n ∈ Z+ and K = Q(
√−ℓ).
b) If E(F )[tors] ∼= Z/2Z⊕ Z/2Z, then EndE has discriminant ∆ = −4.
c) If E(F )[tors] ∼= Z/4Z, then EndE has discriminant ∆ ∈ {−4,−16}.
d) Each of the groups listed in part a) arises up to isomorphism as the torsion
subgroup E(F ) of a CM elliptic curve E defined over an odd degree number field F .
We have already established most of parts a) through c). What remains in those
parts is to show that Z/ℓnZ cannot occur as a torsion subgroup for ℓ ≡ 7 (mod 8),
which we handle next. The rest of the section is devoted to the proof of part d).
5.2. Primes Equivalent to 7 (mod 8).
Lemma 5.4. Let F be an odd degree number field and E/F a CM elliptic curve. If
Z/ℓZ →֒ E(F ) for some prime ℓ ≡ 7 (mod 8), then E(F ) has a point of order 2.
Proof. Let E be a K-CM elliptic curve with Z/ℓZ →֒ E(F ) for some prime ℓ ≡ 7
(mod 8). By Theorem 5.1 we have K = Q(
√−ℓ), so the CM discriminant ∆ is
either even or is 1 modulo 8. Then by Theorem 4.2, every O(∆)-CM elliptic curve
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defined over Q(j(O)) has an F -rational point of order 2. Since ∆ /∈ {−3,−4} and
quadratic twists preserve the 2-torsion subgroup, every O(∆)-CM elliptic curve
defined over a field of characteristic 0 has a rational point of order 2. 
5.3. Twisting, Top to Bottom.
In order to prove part d) of Theorem 5.3, we need some preliminary results on
twisting, not all of which are inherently concerned with elliptic curves, complex
multiplication or odd degree number fields(!). With an eye to future use we work
a bit more generally. (It costs nothing to do so.)
For N ∈ Z+, let U(N) = (Z/NZ)× and let U(N)± = U(N)/(±1).
Theorem 5.5. (Twisting at the Top) Let N ≥ 3 be an integer. Let F be a field,
let A/F be an abelian variety, and let C ⊂F A be an e´tale subgroup scheme which
is cyclic of order N . Then there is an abelian extension L/F with [L : F ] | ϕ(N)2
and a quadratic twist A′ of A/L such that A′(L) has a point of order N .
Proof. The action of gF on C gives rise to an isogeny character
Φ : gF → U(N).
Composing with U(N)→ U(N)±, we get the plus-minus isogeny character
Φ± : gF → U(N)±.
Let M = (F sep)kerΦ. Then M/F is abelian, [M : F ] | ϕ(N) and Φ|gM is trivial,
so any generator of C gives a point of order N on A(M). We can however gain
back the last factor of 2 by twisting at the top. Let L = (F sep)kerΦ
±
. Then L/F is
abelian, [L : F ] | ϕ(N)2 , and
Φ(gL) ⊂ {±1}.
If Φ|gL ≡ 1, we’re done: a generator of C gives an L-rational point on A. Otherwise
Φ|gL = ǫ is a nontrivial quadratic character on gL, with corresponding separable
quadratic extension M/L. Let A′/L be the quadratic twist of A by M/L. The
twisted gL-action on C is by Φ · ǫ = ǫ · ǫ = 1. So A′(L) has a point of order N . 
Theorem 5.6. (Twisting at the Bottom) Let ℓ ≡ 3 (mod 4) be a prime, n ∈ Z+,
and put N = ℓn. Let F be a field, A/F an abelian variety, and C ⊂F A an e´tale
subgroup scheme which is cyclic of order N . There is a quadratic twist A′ of A/F
and a cyclic extension L/F of degree dividing ϕ(N)2 such that A
′(L) has a point of
order N .
Proof. Let Φ : gF → U(N) be the isogeny character associated to C. Let q :
U(N)→ U(N)/U(N)2 be the quotient map. Since N = ℓn is an odd prime power,
U(N)/U(N)2 has order 2 and is thus (uniquely!) isomorphic to {±1}. Moreover,
since p ≡ 3 (mod 4), −1 is not a square modulo p, so a fortiori is not a square
modulo N . Thus under the canonical isomorphism U(N)/U(N)2 → {±1}, the class
of −1 maps to −1. Let
ǫΦ = q ◦ Φ : gF → U(N)/U(N)2 = {±1}.
Let A′ be the quadratic twist of A by ǫΦ (so A′ = A iff ǫΦ is trivial), and let
Φ′ = ǫΦΦ
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be the associated isogeny character. By the above remarks, about −1 ∈ U(N)
mapping to the nontrivial element of U(N)/U(N)2 it follows that ǫΦ′ is the trivial
quadratic character, and thus Φ′(gF ) ⊂ U(N)2. Thus if L = (F sep)kerΦ′ , then A′
has an L-rational point of order N and [L : F ] | #U(N)2 = ϕ(N)2 . 
Proposition 5.7. Let E/F be an O-CM elliptic curve with F = Q(j(E)). Let
ℓ | ∆(O) be a prime.
a) There is a unique prime ideal pℓ of O such that pℓ ∩ Z = (ℓ).
b) E[pℓ] = {x ∈ E(C) | αx = 0 ∀α ∈ pℓ} is an F -rational subgroup of order ℓ.
Proof. a) Since ℓ | ∆, we have O/ℓO ∼= Z/ℓZ[ǫ]/(ǫ2), so there is a unique ideal pℓ of
O with #O/pℓ = ℓ. By uniqueness pℓ = pℓ; thus E[pℓ] is an F -rational subgroup.
b) When O = OK , we have #E[a] = #OK/a for all nonzero ideals a of OK
[Si94, Prop. II.1.4]. In the general case, we may embed Q(j) →֒ C so as to have
j(E) = j(C/O), and then we get
E[pℓ] = {x ∈ C | xpℓ ⊂ O}/O.
We have
{x ∈ C | xpℓ ⊂ O} = {x ∈ K | xpℓ ⊂ O} = (O : pℓ).
Observe that E[pℓ] = (O : pℓ)/O is a vector space over the field Fℓ = O/pℓ;
it remains to compute its dimension. For any domain R, any two elements of a
fractional R-ideal are R-linearly dependent, so dimFℓ(O : pℓ)/O ∈ {0, 1}. Since O
is a one-dimensional Noetherian domain and pℓ ( O we have (O : pℓ) ) O [Ja89,
§10.2, Lemma 4] and thus 1 = dimFℓ(O : pℓ)/O = dimFℓ E[pℓ]. 
Corollary 5.8. Let O be an imaginary quadratic order of discriminant ∆, and let
ℓ > 2 be a prime dividing ∆.
a) There is a number field L of degree h(∆)
(
ℓ−1
2
)
and an O-CM elliptic curve E/L
with an L-rational torsion point of order ℓ.
b) Suppose ℓ ≡ 3 (mod 4) and O is the quadratic order of discriminant −ℓ, i.e.,
the ring of integers of K = Q(
√−ℓ). Let j = j(O) and F = Q(j). Then:
(i) The number field F (ζℓ + ζ
−1
ℓ ) has degree h(K)(ℓ− 1)/2, an odd number.
(ii) There is an elliptic curve E/F such that E(F (ζℓ+ ζ
−1
ℓ )) has a point of order ℓ.
Proof. a) Combine Proposition 5.7 and Theorem 5.5.
b) (i) Since [F : Q] = h(K) is odd by Lemma 3.5, the genus field FK ∩ Qab is K
and thus F ∩Q(ζN )+ = Q, i.e., F and Q(ζℓ + ζ−1ℓ ) are linearly disjoint over Q. It
follows that [F (ζℓ + ζ
−1
ℓ ) : Q] = h(K)
(
ℓ−1
2
)
, which is odd.
(ii) Let E/F be an O-CM elliptic curve. By Proposition 5.7, E has an F -rational
subgroup of order ℓ. By Theorem 5.6, after replacing E by a quadratic twist over
F , there is an extension L/F of degree dividing ℓ−12 such that E(L) has a point of
order ℓ. By Real Cyclotomy II, F (ζℓ + ζ
−1
ℓ ) ⊂ L. Thus
[L : Q] | h(K)
Å
ℓ− 1
2
ã
= [F (ζℓ + ζ
−1
ℓ ) : Q],
so L = F (ζℓ + ζ
−1
ℓ ). 
Remark 5.9. Part b) is due to Lozano-Robledo when F = Q [LR13, Cor. 9.8].
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5.4. Existence of Odd Degree Torsion.
The groups {•}, Z/2Z, Z/4Z, or Z/2Z× Z/2Z are Olson groups, so occur already
over Q. To complete Theorem 5.3, it remains to construct CM elliptic curves over
odd degree number fields with torsion subgroups isomorphic to Z/ℓnZ or Z/2ℓnZ
for ℓ as in Theorem 5.3 above.
Lemma 5.10. Let E/F be an OK -CM elliptic curve such that F (E[ℓ]) = K(ℓ) for
some prime ℓ > 2. Suppose additionally that K 6= Q(i), and ℓ = 3 if K = Q(√−3).
Then F (E[ℓn]) = K(ℓ
n) for all n ∈ Z+.
Proof. We will handle the two cases separately.
Case 1: Let E/F be an elliptic curve with CM by the maximal order in K 6=
Q(i),Q(
√−3) such that F (E[ℓ]) = K(ℓ) for a prime ℓ > 2. Suppose, for the sake of
contradiction, that F (E[ℓn]) 6= K(ℓn) for some positive integer n. By [Si94, Thm.
II.5.6], we have
K(ℓ
n) = K(j(E), h(E[ℓn])) = FK(h(E[ℓn])) ⊂ F (E[ℓn]).
Since K 6= Q(i),Q(√−3), we may take h(E[ℓn]) = x(E[ℓn]). Thus [F (E[ℓn]) :
K(ℓ
n)] = 2 if F (E[ℓn]) 6= K(ℓn). Let σ ∈ gF generate Aut(F (E[ℓn])/K(ℓn)). Then
σ corresponds to a matrix of order 2 in GL2(Z/ℓ
nZ) which is trivial mod ℓ since
F (E[ℓ]) ⊂ K(ℓn). But the kernel of GL2(Z/ℓnZ)→ GL2(Z/ℓZ) is an ℓ-group.
Case 2: If K = Q(
√−3) and ℓ = 3, we have OK ⊗Z3 ∼= Z3[
√−3]. Thus we may
choose a basis ‹e1,‹e2 for T3(E) for which ρ3∞(gFK) lands in the Cartan subgroup
C×3 =
ßï
α β
−3β α
ò
| α2 + 3β2 ∈ Z×3
™
.
Elements of Aut(F (E[3n])/F (E[3])) = Aut(F (E[3n])/K) correspond to ele-
ments of C×3 modulo 3n which are congruent to the identity matrix modulo 3. There
are precisely 32n−2 such matrices, giving an upper bound on #Aut(F (E[3n])/K).
On the other hand, by [Si94, Thm. II.5.6] we have
K(3
n) = K(j(E), h(E[3n])) ⊂ F (E[3n]).
As [K(3
n) : K] = 32n−2, we have [F (E[3n]) : K] = 32n−2 and F (E[3n]) = K(3
n). 
Proposition 5.11. Let ℓ ≡ 3 (mod 4) be prime, and let n ∈ Z+. There exists an
elliptic curve E defined over a number field F such that:
(i) E has CM by the full ring of integers in K = Q(
√−ℓ);
(ii) [F : Q] is odd; and
(iii) E(F ) has a point of order ℓn.
Proof. Let E be an elliptic curve with CM by OK . Choose a model of E defined
over F = Q(j(E)). For now, suppose ℓ 6= 3. By Corollary 5.8, there is a quadratic
twist E′/F of E such that E
′(F (ζℓ + ζ−1ℓ )) has a point of order ℓ. Hence we may
assume E(F (ζℓ+ ζ
−1
ℓ )) has a point of order ℓ. In fact, this implies F (E[ℓ]) = K
(ℓ),
as we will now show. Since E(F (ζℓ)) contains a point of order ℓ,
Aut(F (E[ℓ])/F (ζℓ)) ∼= 〈[ 1 b0 1 ]〉 ,
where b ∈ Fℓ. Thus [F (E[ℓ]) : F (ζℓ)] = 1 or ℓ. By Theorem 3.16, we have
K(ℓ) ⊂ F (E[ℓ]), so [K(ℓ) : Q] = h(K)ℓ(ℓ − 1) divides [F (E[ℓ]) : Q]. This forces
[F (E[ℓ]) : F (ζℓ)] = ℓ and F (E[ℓ]) = K
(ℓ).
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Q
F = Q(j(E))
F (ζℓ)
F (E[ℓ])
K
K(ℓ)
h(K)
ℓ− 1
ℓ
2
1
2h(K)ℓ(ℓ− 1)
By Lemma 5.10, it follows that F (E[ℓn]) = K(ℓ
n). Viewing F ⊂ R, we have
E(R) ∼= R/Z or R/Z × Z/2Z. Thus we have an element of order ℓn fixed by the
element c ∈ gF induced by complex conjugation. Then F (E[ℓn])c contains the
coordinates of a point of order ℓn, and
[F (E[ℓn])c : Q] =
1
2
[F (E[ℓn]) : Q]
=
1
2
[K(ℓ
n) : Q]
=
1
2
h(K)(ℓ− 1)ℓ2n−1.
Lemma 3.5 gives that h(K) is odd, so [F (E[ℓn])c : Q] is odd as desired.
If ℓ = 3, consider the elliptic curve y2 = x3 + 16. This curve has CM by the
full ring of integers in K = Q(
√−3) and one finds (e.g. by direct calculation) that
Q(E[3]) = K(3) = K. By Lemma 5.10, Q(E[3n]) = K(3
n). As before, Q(E[3n])c
contains the coordinates of a point of order 3n, and
[Q(E[3n])c : Q] =
1
2
[Q(E[3n]) : Q]
=
1
2
[K(3
n) : Q]
= 32n−2. 
Theorem 5.12. Let n ∈ Z+.
(1) If ℓ ≡ 3 (mod 8), there exists a CM elliptic curve E defined over a number
field F of odd degree such that E(F )[tors] ∼= Z/ℓnZ.
(2) If ℓ ≡ 3 (mod 4), there exists a CM elliptic curve E defined over a number
field F of odd degree such that E(F )[tors] ∼= Z/2ℓnZ.
Proof. Suppose ℓ ≡ 3 (mod 4), and let K = Q(√−ℓ). By Proposition 5.11, there
is an OK-CM elliptic curve E defined over F = Q(j(E)) and an extension F˜ :=
F (E[ℓn])c of odd degree over Q such that E(F˜ )[tors] contains a point of order ℓn.
Since F˜ is odd, we know E(F˜ )[tors] is either cyclic or of the form Z/2NZ× Z/2Z;
otherwise full N -torsion would force Q(ζN ) ⊂ F˜ by the Weil pairing. We first
establish that ℓn is the largest power of ℓ dividing #E(F˜ )[tors].
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Suppose ℓn+1 divides #E(F˜ )[tors]. By Real Cyclotomy II, Q(ζℓn+1) ⊂ F˜K =
K(ℓ
n). Then elements of
Gal(F (E[ℓn+1])/F (E[ℓn])) = Gal(K(ℓ
n+1)/K(ℓ
n))
correspond to matrices of the form
ßï
1 β
0 1
ò
| β ≡ 0 (mod ℓn)
™
.
There are ℓ such matrices. However, [K(ℓ
n+1) : K(ℓ
n)] = ℓ2. Thus ℓn is the largest
power of ℓ dividing #E(F˜ )[tors].
Suppose ℓ ≡ 3 (mod 8). Since ℓn is the largest power of ℓ dividing #E(F˜ )[tors],
it suffices to show that E(F˜ ) contains no point of order 2. Suppose first that ∆ 6=
−3. Since ∆ ≡ 5 (mod 8), there are no points of order 2 rational over F = Q(j(E))
by Theorem 4.2. By construction, F˜ ⊂ F (E[ℓn]) = K(ℓn), and F (E[2]) = K(2) by
the proof of Theorem 4.2: F (E[2]) has degree 6h(K) over Q and contains K(2),
which also has degree 6h(K). Thus if F˜ contains the coordinates of a point of order
2, then 3 | [F˜ ∩K(2) : F ] and hence 3 | [K(ℓn) ∩K(2) : F ] = [K(1) : F ] = 2.
We now consider the case where ∆ = −3. The curve y2 = x3 + 16 has no Q-
rational points of order 2. If E(F˜ ) contains a point of order 2, then Q(E[3n]) =
K(3
n) contains a root α of x3 +16. But this cannot be, since 2 ramifies in Q(α)/Q
and is unramified in K(3
n).
Thus if ℓ ≡ 3 (mod 8), we have verified there is an OK -CM elliptic curve E
defined over a number field F˜ of odd degree such that E(F˜ )[tors] ∼= Z/ℓnZ. If (α, 0)
is a point of order 2, then [F˜ (α) : Q] = 3·[F : Q] is odd andE(F˜ (α))[tors] ∼= Z/2ℓnZ.
If ℓ ≡ 7 (mod 8), as described above we have an OK-CM elliptic curve E defined
over F = Q(j(E)) and an extension F˜ /F of odd degree over Q such that E(F˜ )[tors]
contains a point of order ℓn and no point of order ℓn+1. Since ∆ ≡ 1 (mod 8), by
Theorem 4.2 we have a 2-torsion point rational over F = Q(j(E)). Corollary 4.3
ensures we do not have full 2-torsion. Thus we have E(F˜ )[tors] ∼= Z/2ℓnZ. 
5.5. Number Fields of Sd-Type.
Let G be a finite group. A number field F is of G-type if the automorphism
group of the Galois closure of F/Q is isomorphic to G.
Theorem 5.13. Let d be an odd positive integer, and let F be a degree d number
field of Sd-type. Then every CM elliptic curve E/F is Olson.
Proof. Step 1: Let M be the normal closure of F/Q, and choose an isomorphism
Sd ∼= Aut(M/Q). Let A (resp. B) be the maximal abelian subextension of F/Q
(resp. of M/Q). Then
B =M [Sd,Sd] =MAd ,
so [B : Q] = 2. Since Q ⊂ A ⊂ B ∩ F and [F : Q] = d is odd, we have A = Q.
Step 2: Let E/F be a CM elliptic curve, and suppose E(F ) contains a point of
order N . By Real Cyclotomy II, F contains Q(ζN )
+. By Step 1, Q(ζN )
+ = Q so
N ∈ {1, 2, 3, 4, 6}. The Odd Degree Theorem now implies that E/F is Olson. 
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6. Restricted Odd Degrees
6.1. The Shifted Prime Degree Theorem.
Theorem 6.1. (Shifted Prime Degree Theorem)
a) There is a function C : Z+ → Z+ such that: for all k ∈ Z+, all primes p, all
number fields F/Q of degree (2k − 1)p, and all CM elliptic curves E/F , we have
#E(F )[tors] ≤ C(k).
b) There is a function P : Z+ → Z+ such that: for all k ∈ Z+, all primes p ≥ P (k)
all number fields F of degree (2k − 1)p, and all CM elliptic curves E/F , there is
a subfield F0 ⊂ F of degree dividing (2k − 1) and an F0-rational model (E0)/F0 of
E/F such that E0(F0)[tors] = E(F )[tors].
Proof. a) Fix k ∈ Z+, let p be a prime, let F/Q be a number field of degree (2k−1)p,
and let E/F be a CM elliptic curve. By [HS99] we have
#E(F )[tors] ≤ 1977408(2k− 1)p log((2k − 1)p),
and we may assume that p is odd. We may also assume #E(F )[tors] > 6. By the
Odd Degree Theorem we have E(F )[tors] ∼= Z/ℓnZ or Z/2ℓnZ for some prime ℓ ≡ 3
(mod 4) and E has Q(
√−ℓ)-CM. Real Cyclotomy II implies
(6)
(ℓ − 1) · h∆
2
| (2k − 1)p.
If ℓ−12 > (2k − 1), then p | ℓ−12 and thus
(7) ℓ > 4k − 1 =⇒ hQ(√−ℓ) | h∆ | 2k − 1.
There are only finitely many such ℓ; for each, if n ≥ 2 then by Real Cyclotomy II,
ℓn−1 | ϕ(ℓ
n)
2
| [F : Q] = (2k − 1)p
and thus
n− 2 ≤ ordℓ(2k − 1) ≤ logℓ(2k − 1) ≤ log2(2k − 1).
b) Fix k ∈ Z+, and let F be a number field of degree (2k− 1)p for some odd prime
p. Let E/F be a non-Olson elliptic curve with CM by the imaginary quadratic
order O(∆) with fraction field K. By part a) we have E(F )[tors] ∼= Z/2ǫℓnZ for
ǫ ∈ {0, 1}, ℓ ≡ 3 (mod 4) a prime number, n ∈ Z+, K = Q(√−ℓ) for one of finitely
many integers 2ǫℓn. We may assume that p is not equal to any of these finitely
many ℓ. We then observe that for each 2ǫℓn and all remaining p, there are only
finitely many possibilities for the discriminant ∆. Indeed ∆ = −f2ℓ, so it suffices
to bound the conductor f. Moreover h∆ is odd, so by Lemma 3.5 we have f = 2
δℓm
for δ ∈ {0, 1} and m ∈ Z+. The relative class number formula – e.g. [Co89, Thm.
7.24] – shows that
ordℓ h∆ = ordℓ(h−(2δℓm)2ℓ) ≥ m− 1,
and thus since p 6= ℓ we have m ≤ ordℓ(2k − 1) + 1.
Let P ∈ E(F ) be a point of order 2ǫℓn. Having thrown away finitely many
primes p, it now follows that j(E) lies in a finite set and thus the pair (E,P )
induces one of a finite set of Q-valued points, say {P1, . . . , Pr}, on the modular
curve X1(2
ǫℓn). For 1 ≤ i ≤ r, let Q(Pi) be the field of definition (= residue field of
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the corresponding closed point on the Q-schemeX1(2
ǫℓn)), and let di = [Q(Pi) : Q].
For some 1 ≤ i ≤ r we have an injection Q(Pi) →֒ F and thus
di | (2k − 1)p.
For each i, there is at most one prime, say pi such that di | (2k−1)pi but di ∤ (2k−1).
Throwing away these finitely many primes pi we get
di | (2k − 1).
Since X1(2
ǫℓn) is a fine moduli space, there is a unique model of (E,P ) defined
over Q(Pi), a field of degree dividing (2k − 1). 
Remark 6.2. Along with Siegel’s minoration hQ(
√−ℓ) ≫ǫ ℓ
1
2−ǫ, the proof shows
that for all ǫ ∈ (0, 12 ), there is an (ineffective) cǫ > 0 such that we can take
C(k) = max
{
3954816(2k− 1) log(4k − 2), 2
Å
2k − 1
cǫ
ã 2+log2(2k−1)
1
2
−ǫ
}
.
6.2. Proof of the Prime Degree Theorem.
In this section we will prove Theorem 1.4. We need just one preliminary result.
Lemma 6.3. Let F ⊂ C, let j ∈ F \ {0, 1728}, and let N ≥ 3 be an odd integer.
Suppose that there are elliptic curves E/F and E
′
/F with j(E) = j(E
′) = j, that
E(F ) and E′(F ) each have a point of order N , and that E 6∼=F E′. Then:
a) There is a quadratic extension F ′/F such that F (E[N ]) ⊂ F ′.
b) If E has K-CM, then F ′ ⊃ K(N).
Proof. a) The hypotheses imply that E′ = Et is the quadratic twist of E by some
t ∈ F× \ F×2. Since N is odd, we have E(F )[N ] ⊕ Ed(F )[N ] ∼= E(F (
√
t))[N ].
Taking F ′ = F (
√
d), the result follows.
b) This follows from part a), Lemma 3.15, and Theorem 3.16. 
Now we begin the proof of Theorem 1.4.
Step 1: Let F/Q be a quadratic field, and let E/F be a non-Olson CM elliptic curve.
By Theorem 4.15, we must have j(E) ∈ Q. By the Main Theorem of [CX08], the
subgroup of E(F ) of points of finite odd order has size at most 9. In particular
the largest possible prime divisor of #E(F )[tors] is 7.2 Thus if E/F is not Olson,
E(F )[tors] contains one of the following subgroups:
Z/5Z, Z/7Z, Z/8Z, Z/9Z, Z/12Z, Z/2Z⊕ Z/4Z, Z/2Z⊕ Z/6Z, Z/3Z⊕ Z/3Z.
For each such group, we look at the corresponding row in Table 2; for each entry
of 2, we build the corresponding elliptic curve, compute its torsion subgroup, and
check for isomorphism over the ground field. Thus:
• For Z/5Z, we have ∆ = −4. Here the full torsion subgroup is Z/10Z.
• For Z/7Z, we have ∆ = −3.
• For Z/8Z, Z/9Z and Z/12Z, there are no such elliptic curves.
• For Z/2Z⊕ Z/4Z, we have ∆ = −4, ∆ = −7, ∆ = −8, or ∆ = −16.3
2This approach is not very representative of the type of computations used for larger even
degrees – but it is a bit shorter in this case.
3Here, in five out of the six cases, two distinct points on the modular curve X(2, 4) give rise to
elliptic curves which are isomorphic over the minimal field of definition. This can be understood
by reflecting on the moduli problem, a task we leave to the interested reader.
34 ABBEY BOURDON, PETE L. CLARK, AND JAMES STANKEWICZ
• For Z/2Z⊕ Z/6Z, we have ∆ = −3 or ∆ = −12.
• For Z/3Z⊕ Z/3Z, we have ∆ = −3.
Step 2: Let F/Q be a number field with prime degree p > 2, and let E/F be an
elliptic curve with CM by the order O of discriminant ∆ in the imaginary quadratic
field K such that E(F )[tors] is not Olson. As above, by Real Cyclotomy II and the
Odd Degree Theorem: if E(F )[tors] is isomorphic to Z/ℓnZ or Z/2ℓnZ for some
prime ℓ ≡ 3 (mod 4), then K ∼= Q(
√−ℓ) and h∆ is odd, so
(ℓ− 1)h∆
2
| [F : Q] = p.
• If ℓ = 3 then since E is not Olson, E(F ) has a point order 9. Thus ϕ(9)2 = 3 | p.
So p = 3 and ∆ ∈ {−3,−12,−27}. If ℓ > 3, then ℓ−12 > 1, so h∆ = 1 – thus
Parish’s Theorem comes for free in this context – hence we must have
∆ ∈ {−7,−11,−19,−28,−43,−67,−163}
and
p =
ℓ− 1
2
,
i.e., p is a Sophie Germain prime (equivalently, ℓ is a safe prime).
• If ℓ = 7, then ϕ(7)2 = 3 | p. So p = 3.
• If ℓ = 11, then ϕ(11)2 = 5 | p. So p = 5.
• No ℓ ∈ {19, 43, 67, 163} is safe – i.e., ℓ−12 ∈ {9, 21, 33, 81} is not prime. It follows
that if p ≥ 7, then E(F )[tors] is Olson.
Step 3: Suppose p = 3.
Step 3a): Suppose ℓ = 3. From Step 2, F = Q(ζ9)
+ and ∆ ∈ {−3,−12,−27}.
Using Table 2, we find that when ∆ ∈ {−3,−27} there is exactly one O(∆)-CM
elliptic curve over a degree 3 number field with an F -rational point of order 9, and
that when ∆ = −12 there are no such curves.
Step 3b): Suppose ℓ = 7. From Step 2, F = Q(ζ7)
+ and ∆ ∈ {−7,−28}, i.e.,
j(E) ∈ {−3375, 16581375}. We claim that for each of these two j-invariants there
is a unique CM elliptic curve E/Q(ζ7)
+ with a rational point of order 7, up to
isomorphism over Q(ζ7)
+. The existence is guaranteed by Corollary 5.8. The
uniqueness follows from Lemmma 6.3: if there were two such elliptic curves, then
there would be a quadratic extension F ′/Q(ζ7)+ such that Q(
√−7)(7) ⊂ F ′. But
[Q(
√−7)(7) : Q] = 42 and [F ′ : Q] = 6: a contradiction.
Step 4: Let p = 5. From Step 2, F = Q(ζ11)
+ and ∆ = −11. Arguing as in Step
3b), we find that there is exactly one CM elliptic curve E/F with an F -rational
point of order 11: [Q(
√−11)(11) : Q] = 110 > 2[Q(ζ11)+ : Q] = 10. It follows from
Theorem 4.2 and Real Cyclotomy II that E(F )[tors] ∼= Z/11Z. This completes the
proof of Theorem 1.4.
Remark 6.4. The degree sequences in Table 2 and the corresponding elliptic curves
are computed using the methods of [CCRS14]. The classification of torsion groups
of CM elliptic curves in degrees up to 13 was done there. The method yields the full
list of “new” elliptic curves, but unfortunately these lists were not recorded. The
computation in degrees 2 and 3 had already been done by the second author in 2004
[Cl04], and the argument of Step 0 essentially reproduces this. However, looking
back at the degree sequences recorded in [Cl04] we found several errors (presumably
of transcription), so we decided to recompute Table 2 from scratch.
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6.3. The Prime Squared Degree Theorem.
Theorem 6.5. Let p be a prime, let F/Q be a number field of degree p2, and let
E/F be a CM elliptic curve. Then:
a) If p = 2, then E/F is Olson or E(F )[tors] is isomorphic to one of the following:
Z/mZ, m ∈ {5, 7, 8, 10, 12, 13, 21}
Z/2Z⊕ Z/mZ, m ∈ {4, 6, 8, 10}
Z/3Z⊕ Z/mZ, m ∈ {3, 6}
Z/4Z⊕ Z/4Z
b) If p = 3, then E/F is Olson or E(F )[tors] is isomorphic to one of the following:
Z/9Z, Z/14Z, Z/18Z, Z/19Z, Z/27Z.
c) If p = 5, then E/F is Olson or E(F )[tors] ∼= Z/11Z.
d) If p ≥ 7, then E/F is Olson.
Proof. a) See [CCRS14, §4.4]. b) See [CCRS14, §4.9].
c) Since gcd(3, 25) = 1, if E/F is not Olson then E(F )[tors] ∼= Z/2ǫℓnZ with
ǫ ∈ {0, 1}, 3 < ℓ ≡ 3 (mod 4), n ∈ Z+, K = Q(√−ℓ) and (ℓ−1)h∆2 | 25. Thus
ℓ = 11 and ∆ = −11. We have seen that there is a unique O(−11)-CM elliptic
curve defined over a degree 5 number field with a point of order 11, so by Theorem
2.1 there is a CM elliptic curve defined over a degree 25 number field with a point
of order 11. (There are infinitely many up to F -isomorphism, but they all induce
the same closed point on the modular curve X1(11).) We cannot have a point of
order 112, since then 11 | ϕ(11)22 | [F : Q] = 25. By Theorem 4.2c) no O(−11)-CM
elliptic curve has a point of order 2 over a number field of degree prime to 3.
d) Seeking a contradiction, we suppose that p ≥ 7 and E/F is not Olson. Then
there is a prime ℓ ≡ 3 (mod 4), ℓ 6= 3, such that E(F ) has a point of order ℓ and
E has Q(
√−ℓ)-CM. By Real Cyclotomy II,
ℓ− 1
2
· hQ(√−ℓ) |
ℓ− 1
2
· h∆ | p2.
Since ℓ > 3, we must have hQ(
√−ℓ) = 1 or
(8)
ℓ− 1
2
= p = hQ(
√−ℓ).
If hQ(
√−ℓ) = 1, then ℓ ∈ {7, 11, 19, 43, 67, 163} and, since p ≥ 7, ℓ−12 /∈ {p, p2}. So
(8) holds. But using e.g. [LP92, §2] we have
ℓ − 1
2
= p = hQ(
√−ℓ) ≤
√
ℓ log ℓ.
Thus ℓ ≤ 78, and there are no solutions of (8) in this range. 
6.4. Fields of Degree a Fixed Even Number Times a Variable Prime.
Let us recall the statement of Schinzel’s Hypothesis H [SS58], [Po09, §1.8.3].
Conjecture 6.6. (Schinzel’s Hypothesis H) Let f1, . . . , fr ∈ Q[t] be irreducible and
integer-valued. Suppose: for all m ≥ 2 there is n ∈ Z+ such that m ∤ f1(n) · · · fr(n).
Then {n ∈ Z+ | |f1(n)|, . . . , |fr(n)| are all primes} is infinite.
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Theorem 6.7. Assume Schinzel’s Hypothesis H, and let k ∈ Z+. Then
lim sup
p∈P
#T newCM (2kp) ≥ 1.
Proof. Applying Schinzel’s Hypothesis H with f1(x) = x, f2(x) = 6kx+ 1, we get
infinitely many primes p such that N = 6kp + 1 is prime. Thus N−13 = 2kp. In
particular N ≡ 1 (mod 3), so N splits in K = Q(√−3), and then there is an OK-
CM elliptic curve E defined over a number field F of degree N−13 = 2kp with an
F -rational point of order N [CCRS13, Theorem 3]. We claim that for sufficiently
large N , E(F )[tors] ∈ T newCM (2kp): if so, the result follows. There is N0 ∈ Z+ such
that for all primes N ≥ N0, if E/F is a CM elliptic curve over a number field F with
an F -rational point of order N , then [F : Q] ≥ N−13 [CCRS13, Theorem 1]. Thus
for all primes N ≥ N0, E(F )[tors] is a torsion subgroup that does not occur in any
degree smaller than [F : Q], which certainly implies E(F )[tors] ∈ T newCM (2kp). 
6.5. Fields of Degree a Product of Two Odd Primes.
Theorem 6.8. Let p1 ≥ 7 be a prime. For all sufficiently large primes p2, every
CM elliptic curve defined over a number field of degree p1p2 is Olson.
Proof. This is an immediate consequence of Theorems 6.1 and 1.4. 
Theorem 6.9. The following are equivalent:
(i) The set S = {k ∈ Z+ | 4k + 3, 2k + 1 and hQ(√−4k−3) are all prime} is infinite.
(ii) There are infinitely many primes ℓ such that there are odd primes p1, p2, a
number field F of degree p1p2 and a CM elliptic curve E/F with an F -rational
point of order ℓ.
(iii) As d ranges over products p1p2 of two odd primes, F ranges over number fields
of degree p1p2 and E/F ranges over CM elliptic curves, #E(F )[tors] is unbounded.
Proof. (i) =⇒ (ii): if ℓ = 4k+3 is prime, then by Corollary 5.8 there is a CM elliptic
curve defined over a number field F of degree ℓ−12 hQ(
√−ℓ) = (2k + 1)hQ(√−4k−3)
with an F -rational point of degree ℓ. (ii) =⇒ (iii) is immediate.
(iii) =⇒ (i): Let p1 and p2 be odd primes, and let F be a number field of degree
p1p2. In view of previous results, we may assume that p1 and p2 are distinct and
each at least 7. Then if E/F is not Olson, it has a point of prime order ℓ = 4k+3 > 3,
and then as usual we have
ℓ− 1
2
hQ(
√−ℓ) = (2k + 1)hQ(√−ℓ) | p1p2
and thus (2k + 1) = p1, hQ(
√−ℓ) = p2. It remains to show that the unboundedness
of #E(F )[tors] forces there to be infinitely many such k: given that F/Q has odd
degree and a point of prime order ℓ > 3, its order must be of the form 2ǫℓn for
ǫ ∈ {0, 1} and n ∈ Z+. Thus if the torsion were unbounded but S were finite, we
would get points of order ℓn for arbitrarily large n. But by Real Cyclotomy II,
ℓ2 | ϕ(ℓ3)2 | [F : Q] = p1p2, contradiction. 
By no means are we in a position to show that the equivalent conditions of The-
orem 6.9 hold: it is not even known whether there are infinitely Sophie Germain
primes, and the assertion that S is infinite is clearly much stronger than that.
Nevertheless we believe that these conditions hold. For X ≥ 1, let
S(X) = #S ∩ [1, X ].
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Since we have three primality conditions on positive integers of size about k, it is
reasonable to guess that as X →∞, we have
S(X) ≈ X
log3X
.
This is quite crude: hQ(
√−4k−3) being odd forces 4k + 3 to have no more than one
odd prime divisor. This made one of us think that perhaps S(X) ≈ X
log2X
. But
P. Pollack has showed us a more refined heuristic – incorporating the heuristics
of Cohen-Lenstra on class groups and Soundararajan on the number of imaginary
quadratic fields with a given prime class number – which leads him to conjecture
S(X) ∼ CPP
X/ log3(X)
for an explicit constant
CPP ≈ 7.96903.
Computations in gp/pari give S(109) = 953, 967, so S(109)
109/ log3 109
≈ 8.49, providing
some support for the heuristic. Certainly it gives evidence that S is large!
7. A Degree Non-Divisibility Theorem
We end with a result that exhibits a distinction between the CM and non-CM cases.
If E/F is a K-CM elliptic curve with an F -rational point of prime order ℓ > 2, then
by Theorem 4.6 we have
ℓ− 1 ∣∣ 12(ℓ− 1)h(K)
w(K)
∣∣ 12[F : Q].
In contrast, while the existence of a point of order N on a non-CM elliptic curve E
defined over a number field F imposes an lower bound on [F : Q] in terms of N –
Merel’s Theorem – it imposes no divisibility condition on [F : Q] whatsoever.
Theorem 7.1. Let N ∈ Z+, and let p be a prime. The set of algebraic numbers
j ∈ Q such that there is a number field F with p ∤ [F : Q] and an elliptic curve E/F
with j(E) = j and a point of order N in E(F ) is infinite.
Proof. Let S(p,N) be the set of j ∈ Q such that there is a number field K with
p ∤ [F : Q] and an elliptic curve E/F with j(E) = j and such that E(F ) has a point
of order N . We want to show that S(p,N) is infinite. It suffices to show that for
every finite subset S ⊂ S(p,N) – including the empty set – there is j ∈ S(p,N)\S.
Let π : X1(N) → X(1) be the natural map. Let S ⊂ S(p,N) be finite. Identi-
fying Y (1) with A1, we view S as a finite set of Q-valued points of Y (1). Let Z1
be an effective Q-rational divisor on X(1) whose suppport4 contains S and all the
cusps, let ZN = π
∗(Z1), and let U = X1(N) \ supp(ZN ). By weak approximation,
the least positive degree of a divisor on U is the least positive degree of a divisor on
X1(N): see [Cl07, Lemma 12] for a complete treatment of a stronger result. Since
the cusp at∞ is a Q-rational point on X1(N), this common quantity is 1, and thus
there is a divisor
∑
i ni[Pi] supported on U such that
∑
i ni[Q(Pi) : Q] = 1. For
at least one i we must have d ∤ [Q(Pi) : Q]. The point Pi corresponds to at least
one pair (E, x)/Q(Pi) where E is an elliptic curve and x ∈ E(Q(Pi)) has order N
[DR73, Proposition VI.3.2]. By construction, we have j(E) ∈ S(p,N) \ S. 
4We use the standard bijection between closed points and gQ-orbits of Q-valued points.
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Appendix: Table of Degree Sequences
Let m | n be positive integers; we exclude the pairs (1, 1), (1, 2), (1, 3), (2, 2). Then
the modular curve Y (m,n) classifying (µm × Z/nZ)-structures on elliptic curves is
a fine moduli space. For every j ∈ Q, the fiber of the morphism Y (m,n) → Y (1)
over j is a finite Q(j)-scheme. The reduced subscheme of the fiber is therefore
isomorphic to a finite product
∏N
i=1Ki of number fields. By the degree sequence
for (m,n) and j we mean the sequence of degrees of the number fields Ki(ζm),
written in non-decreasing order. These are the degrees of the (unique minimal)
fields of definition K such that there is an elliptic curve E/K with O(∆)-CM and
an injection Z/mZ× Z/nZ →֒ E(K).
In the table below we list the degree sequences for the 13 class number one imagi-
nary quadratic discriminants for certain pairs (m,n). The results of this table are
used in the proofs of Corollary 4.5 and Theorem 1.4.
-3 -4 -7 -8 -11 -12 -16
(1, 4) 2 1,2 2,2,2 2,4 6 2,4 1,1,4
(1, 5) 4 2,4 12 12 4,8 12 4,8
(1, 6) 1,3 2,4 4,8 2,2,4,4 6,6 1,2,3,6 4,8
(1, 7) 2,6 12 3,21 24 24 6,18 24
(1, 8) 8 4,8 4,4,8,8 8,16 24 8,16 4,4,16
(1, 9) 3,9 18 36 6,12,18 6,12,18 9,27 36
(1, 10) 12 2,4,4,8 12,24 12,24 12,24 12,24 4,8,8,16
(1, 11) 20 30 10,50 10,50 5,55 60 60
(1, 12) 4,12 8,16 16,16,16 8,8,16,16 24,24 4,8,12,24 8,8,32
(1, 13) 4,24 6,36 84 84 84 12,72 12,72
(2, 4) 4 2,2,2 2,2,2,2,4 2,2,4,4 12 4,4,4 2,2,4,4
(2, 6) 2,6 4,4,4 8,8,8 4,4,4,4,4,4 6,6,12 2,2,2,6,6,6 8,8,8
(2, 8) 16 8,8,8 4,4,4,4,8,8,16 8,8,16,16 48 8,8,16,16 4,4,8,16,16
(3, 3) 2,2,2 4,4 8,8 4,4,4,4 4,4,4,4 6,6,6 8,8
-19 -27 -28 -43 -67 -163
(1, 4) 6 6 2,4 6 6 6
(1, 5) 4,8 12 12 12 12 12
(1, 6) 12 3,9 4,8 12 12 12
(1, 7) 6,18 6,18 3,21 24 24 24
(1, 8) 24 24 4,4,16 24 24 24
(1, 9) 36 3,6,27 36 36 36 36
(1, 10) 12,24 36 12,24 36 36 36
(1, 11) 10,50 60 10,50 10,50 60 60
(1, 12) 48 12,36 16,32 48 48 48
(1, 13) 84 12,72 84 12,72 84 84
(2, 4) 12 12 4,4,4 12 12 12
(2, 6) 24 6,18 8,8,8 24 24 24
(2, 8) 48 48 8,8,16,16 48 48 48
(3, 3) 8,8 6,6,6 8,8 8,8 8,8 8,8
table 2
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